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Abstract: We introduce natural differential geometric structures underly-
ing the Poisson-Vlasov equations in momentum variables. First, we decompose
the space of all vector fields over particle phase space into a semi-direct product
algebra of Hamiltonian vector fields and its complement. The latter is related to
dual space of the Lie algebra. We identify generators of homotheties as dynam-
ically irrelevant vector fields in the complement. Lie algebra of Hamiltonian
vector fields is isomorphic to the space of all Lagrangian submanifolds with
respect to Tulczyjew symplectic structure. This is obtained as tangent space
at the identity of the group of canonical diffeomorphisms represented as space
of sections of a trivial bundle. We obtain the momentum-Vlasov equations as
vertical equivalence, or representative, of complete cotangent lift of Hamilto-
nian vector field generating particle motion. Vertical representatives can be
described by holonomic lift from a Whitney product to a Tulczyjew symplectic
space. We show that vertical representatives of complete cotangent lifts form
an integrable subbundle of this Tulczyjew space. A generalization of complete
cotangent lift is obtained by a Lie algebra homomorphism from the algebra of
symmetric contravariant tensor fields with Schouten concomitant to the Lie al-
gebra of Hamiltonian vector fields. Momentum maps for particular subalgebras
of symmetric contravariant tensors result in plasma-to-fluid map in momen-
tum variables of Vlasov equations. We exhibit dynamical relations between Lie
algebras of Hamiltonian vector fields and of contact vector fields, in particu-
lar; infinitesimal quantomorphisms on their quantization bundle. A diagram
connecting these kinetic and fluid theories is presented. Gauge symmetries of
particle motion are extended to tensorial objects including complete lift of par-
ticle motion. Poisson equation is then obtained as zero value of momentum map
for the Hamiltonian action of gauge symmetries for kinematical description.
1This is an expanded (with the additions of more remarks and, sections 4 and 5.4) version
of the article ”Geometry of plasma dynamics II: Lie algebra of Hamiltonian vector fields” to
appear in Journal of Geometric Mechanics, 2012.
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1 Introduction
The dynamics of collisionless plasma is governed by the Poisson-Vlasov equa-
tions
∇2qφf (q) = −e
∫
f(q,p)d3p (1)
∂f
∂t
+
p
m
· ∇qf − e∇qφf · ∇pf = 0 (2)
where f(q,p) is the density of plasma particles and φf (q) is the electric poten-
tial depending on the density through the Poisson equation (1). The underlying
geometric structure of the Poisson-Vlasov system of differential equations was
made available by their Hamiltonian formulation [44], [83], [45], [46], [20], [47].
The Vlasov equation was shown to be the Lie-Poisson equation on the dual of
Lie algebra of group of canonical diffeomorphisms of particle phase space T ∗Q,
identified with the space of densities [38], [39], [40]. This identification was
obtained as the dual of the isomorphism between the Lie bracket algebra of
Hamiltonian vector fields and the Poisson bracket algebra of functions on T ∗Q
defined up to addition of a constant. Based on this and with reference to the
work of Van Hove in [77], it was already (foot-)noted in [38] that the correct con-
figuration space for plasma dynamics is the group of transformations of T ∗Q×R
preserving the contact one-form, also known as the group of quantomorphisms.
In [24], adapting the group of canonical diffeomorphisms as configuration
space, we obtained Poisson and Vlasov equations in Eulerian momentum vari-
ables which, by symmetry reduction, define the plasma density function f and
give Eqs.(1) and (2) as well as their Hamiltonian structure. In this work we
shall elaborate geometric structures underlying plasma dynamics in momentum
variables and, we shall indicate, at infinitesimal level, connection with quanto-
morphisms in the framework of kinetic theories.
1.1 Preliminaries and motivation
The Lie-Poisson construction starts with the kinematical description of particle
motion on the phase space T ∗Q where Q ⊂ R3 is the configuration space of
particles [39]. Take a curve ϕt in the group G = Diffcan(T
∗Q) of all canonical
diffeomorphisms of T ∗Q preserving the canonical symplectic two-form ΩT∗Q
(see [4], [53], [52], [5], [42] for aspects of diffeomorphism groups). Given a point
Z ∈ T ∗Q regarded as a Lagrangian label, let z = (q,p) = ϕt(Z) = ϕ(Z, t)
denote the Eulerian coordinates of plasma particles. The phase space velocity
z˙ =
d
dt
ϕt(Z) = X(z, t) = Xt(ϕt(Z)) (3)
generates the flow ϕt. Since ϕt is canonical, X is locally Hamiltonian. We
assume that it is globally Hamiltonian and write h(z, t) for the corresponding
Hamiltonian function so that X = Xh = Ω
♯
T∗Q(−dh) on T
∗Q.
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Remark 1 For diffeomorphisms groups, exponential map assigns to each vec-
tor the time-one map of its flow. This is neither surjective nor injective around
identity [5]. However, restricted to compact support, any smooth Hamiltonian
vector field on T ∗Q generates a flow in G. The group G of canonical (or Hamil-
tonian) diffeomorphisms is a subgroup in the identity component of the group
of symplectomorphisms, that is, diffeomorphisms preserving a symplectic two-
form. It is normal and path-connected [42]. See [4] for a proof that G is a
simple group. In fact, groups of symplectomorphisms, diffeomorphisms, volume
preserving diffeomorphisms and contactomorphisms are simple indecomposable
Lie groups in Cartan‘s list [42].
The gauge group of particle motion is the additive group F(Q) of functions
on Q acting on T ∗Q by fiber translations. The Lie algebra
g = (Xham(T
∗Q);−[, ])
of G consists of (smooth) Hamiltonian vector fields on T ∗Q and [ , ] denotes
the standard Jacobi-Lie bracket, with conventions as in [1]. The dual vector
space g∗ of the Lie algebra Xham(T
∗Q) is the non-closed one-form densities on
T ∗Q. Equivalently, the space of one-form densities whose symplectic duals have
non-vanishing divergences
g∗ = {Πid ⊗ dµ ∈ Λ
1(T ∗Q)⊗Den(T ∗Q) | divΩT∗QΠ
♯
id 6= constant} (4)
so that the pairing of g and g∗ is weakly nondegenerate with respect to the
L2-norm [24], [13]. The further requirement in Eq.(4) that they be different
from constants is of dynamical origin and will be explained later in section 2.2.
Reduction of canonical bracket on T ∗G by right invariant extension, that is
the invariance under particle relabelling symmetry, of functions on T ∗G gives
the +Lie-Poisson bracket
{K (Πid) , H (Πid)}LP =
∫
T∗Q
Πid (z) ·
[
δK
δΠid (z)
,
δH
δΠid (z)
]
dµ (z) (5)
on g∗, where δK/δΠid (z) and δH/δΠid (z) are regarded to be elements of g [37],
dµ (z) = d3qd3p is the Liouville volume element on T ∗Q and the bracket inside
the integral is the Lie algebra bracket. In particular, for the right invariant
Hamiltonian functional
HLP (Πid) =
∫
T∗Q
〈
Πid (z) , Xhf (z)
〉
dµ (z) , (6)
involving the particle Hamiltonian
hf (z) =
p2
2m
+
e
2
φf (q), (7)
which depends on the density, and the non-closed one-form Πid(z) = Πq · dq+
Πp · dp, the Lie-Poisson equations on g
∗ are
Π˙q = −Xh(Πq) + e (Πp · ∇q)
(
∇qφf
)
(8)
Π˙p = −Xh(Πp)−
1
m
Πq (9)
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which are the momentum-Vlasov equations [24]. The unconventional factor 1/2
in the potential term of the function hf is a manifestation of the nonlinearity
arising from the constraint imposed by the Poisson equation [44], [46], [27]. By
definition, the momentum variables (Πq,Πp) represent equivalence classes up to
additions of the terms ∇qk(z) and ∇pk(z), respectively, for arbitrary function
k(z). Thus, the reduced dynamics on g∗ has a further symmetry given by the
action of the additive group F(T ∗Q) of functions on T ∗Q. The momentum map
g∗ → F∗(T ∗Q) = Den(T ∗Q) given by the differential substituition
f(z) = divΩT∗QΠ
♯
id = ∇p ·Πq(z)−∇q ·Πp(z) (10)
defines the plasma density function f [24], [13]. The reduction of the Lie-Poisson
structure gives the Vlasov equation (2) in density variable as well as the non-
canonical Hamiltonian structure defined by the Lie-Poisson bracket
{K (f) , H (f)}LP =
∫
T∗Q
f (z) ·
[
δK
δf (z)
,
δH
δf (z)
]
dµ (z)
on Den(T ∗Q) and the Hamiltonian functional
HLP (f) =
∫
T∗Q
hf (z)f (z) dµ (z) .
Remark 2 The symmetries of the momentum-Vlasov equations were used, in
[24], to cast them into a canonical Hamiltonian formalism with a quadratic
Hamiltonian functional. This leads Eqs. (8) and (9) to admit a variational
formulations. Namely, the Lagrangian functional
L0 [Πp] =
∫
T∗Q
(
m
2
|Xh(Πp) +
dΠp
dt
|2 −
e
2
∂2φΠ
∂qi∂qj
ΠiΠj
)
(z) dµ (z)
involving the velocity dΠp/dt shifted by the term −Xh(Πp), gives the Euler-
Lagrange equations
Π¨i(z) + 2Xh(Π˙
i(z)) +X2h(Π
i(z)) +
e
m
δij
∂2φΠ(q)
∂qk∂qj
Πk(z) = 0
which can also be obtained from Eqs.(8) and (9) by eliminating the variables Πi.
In [24], we presented Lie-Poisson structures in momentum and density vari-
ables and establish the relations between the two. The formulation of dynam-
ics in density variable is obtained by further reduction of momentum-Vlasov
equations by the symmetry defining gauge equivalence classes of momentum
variables. The gauge algebra is, as a vector space, shown to be the same as g
but with an action different from the coadjoint action. The Eulerian velocity
and momentum variables are elements of g= Xham(T
∗Q) and g∗, respectively.
These variables are complementary in the vector space TT ∗Q. Obviously, this
and other geometric properties disappear upon identification of g and g∗ with
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function spaces F(T ∗Q) and Den(T ∗Q), respectively. Introduction of a formu-
lation in the variables Πid provides a computational advantage and this also
prevents us from confusion in the geometry which may arise upon identification
with function spaces. For example, the function hf and the density f ap-
pear symmetrically in the Hamiltonian functional of the Lie-Poisson structure
whereas the corresponding variables Xhf and Πid in g and g
∗ are complemen-
tary in the sense that Ω♭T∗Q(g) and g
∗ decompose the space of one-forms on
T ∗Q into spaces of exact and non-closed one-forms, respectively (c.f. section
2.1). The momentum-Vlasov equations in components of Πid expresses the evo-
lution of a volume cell, that is the density f , in the phase space T ∗Q in terms
of its boundaries, that is, surfaces of the momenta Πid. This interpretation was
first given by Ye and Morrison in [75] for the Clebsch variables (α, β) defined
by {α, β}T∗Q = f . In the present context, they form a non-closed one-form
αdβ and can be identified with Πid. The momentum formulation clarifies the
geometric relation between the motions of plasma particles and the Lie-Poisson
description of dynamics. It does become necessary to investigate the plasma
dynamics described by the more basic momentum-Vlasov equations.
This observation is the starting point of the present work and motivates the
elaboration of geometric setting underlying the momentum-Vlasov equations (8)
and (9). Our aim is to analyse in detail the structures of Lie algebra of Hamil-
tonian vector fields and its dual in order to prepare a suitable background for
application of Tulczyjew construction to orbits of canonical diffeomorphisms.
As will be seen in the sequel, present formulation of dynamics on higher order
tangent and cotangent bundles over T ∗Q constitutes a useful model for investi-
gation of orbital dynamics.
1.2 Content of the work
In this work, we shall elaborate the central part of the following diagram
TT ∗Q
Ω♯T∗Q,Ω
♭
T∗Q
←−−−−−−−→ T ∗T ∗Q
Xϕ ր Xh
xyτT∗Q πT∗QyxΠid տΠϕ
T ∗Q −−−→ϕ
T ∗Q ≡ T ∗Q ←−−−ϕ
T ∗Q
which summarizes the mapping properties with reference to particle phase space
T ∗Q of elements of TϕG, T
∗
ϕG, g and g
∗; namely, Xϕ,Πϕ, Xh and Πid, respec-
tively. This may serve as the main diagram to relate the constructions of present
work for Eulerian variables to the Lagrangian variables. We shall establish the
precise relation between the particle motion, its symmetries and the Poisson-
Vlasov equations. We shall obtain Poisson equation as a consequence of gauge
symmetries of Hamiltonian description of motions of plasma particles.
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In the next section, we shall first decompose the algebra of vector fields
on T ∗Q into a semi-direct product algebra of Hamiltonian vector fields and
its complement in X(T ∗Q). The latter, as a vector space, is isomorphic to
dual space of the Lie algebra. Further properties of this decomposition will be
studied. In particular, we shall identify homotheties as non-dynamical part of
the dual of Lie algebra. We shall then present, according to the diagram,
T ∗T ∗Q
Ω♭T∗Q
←−−−− TT ∗Q
αQ
−−−−−→ T ∗TQ
πT∗Q ցտ −dh ւ τT∗Q TπQ ց dl րւ πTQ
T ∗Q TQ
two special symplectic structures on TT ∗Q with the underlying symplectic man-
ifold being endowed with the Tulczyjew two-form. Considering a description of
configuration space as the space of sections of a trivial bundle, we shall show that
the algebra of Hamiltonian vector fields is isomorphic to the space of Lagrangian
submanifolds of Tulczyjew symplectic manifold.
In section three, starting with the Hamiltonian vector field generating the
particle motion, we shall obtain the momentum-Vlasov equations as the vertical
equivalence of its complete cotangent lift. This will be shown to be the same
as the vertical lift of coadjoint action on momentum variables. As a result, we
shall realize the commutative diagram
canonical Hamiltonian
motion of particles
on T ∗Q
complete
−−−−−−−−−−−→
cotangent lift
Hamiltonian
motion on T ∗T ∗Q
vertical lift of
coadjoint action
ց ւ
vertical (jet)
equivalence
momentum-
Vlasov equations
on V T ∗T ∗Q
(11)
connecting motion of individual plasma particles to Eulerian dynamics in mo-
mentum variables. Complete cotangent lifts are Hamiltonian vector fields with
a degenerate Hamiltonian function for the canonical symplectic structure. We
shall point out a Lagrangian formulation for them with a Morse family on certain
Whitney product. We shall give a geometric description of vertical represen-
tative of cotangent lift in terms of holonomic lift operator from this Whitney
product into the Tulczyjew symplectic space TT ∗T ∗Q.
In section four, we will define a Lie algebra homomorphism from the alge-
bra of symmetric contravariant tensor fields with Schouten concomitant to the
algebra Xham (T
∗Q) = g of Hamiltonian vector fields. This will generalize the
complete cotangent lift of vector fields to symmetric contravariant tensors. We
will then obtain the moments of momentum-Vlasov dynamical variables. For
particular subalgebras of symmetric contravariant tensors these moments will
give plasma-to-fluid map in momentum variables of g∗.
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In section five, we establish a correspondence between the Lie algebra of
Hamiltonian vector fields on T ∗Q and the Lie algebra of infinitesimal strict
contact transformations, also called quantomorphisms, of quantization bundle
of T ∗Q. Relying on our recent work [13], we first present kinetic equations,
both in momentum and density variables, of particles moving according to con-
tact transformations of standard three-dimensional contact manifold. We then
restrict the group of contactomorphisms to strict contact transformations and
obtain a system of kinetic equations equivalent to the momentum -Vlasov equa-
tions in one dimension. This section will be concluded with a diagram summa-
rizing the relations between various kinetic and fluid theories.
In section six, we expand on our earlier result in [24] where we described
the Poisson equation as a kinematical constraint on the dynamics of Eulerian
variables. More precisely, we shall show that the Poisson equation character-
izes the set of zero values of the momentum map associated with the action of
additive group of functions F(Q) on the position space Q of particles. This is
the gauge group of particle motion on the canonical phase space T ∗Q. Momen-
tum map realization of the Poisson equation implies that the true configuration
space for the Poisson-Vlasov dynamics must be the semi-direct product space
F(Q)sDiffcan(T
∗Q) with the action of F(Q) given by fiber translation on
T ∗Q and, by composition on right with the canonical transformations.
Section seven will be devoted to a summary and discussion of the results as
well as some future work to be addressed elsewhere. See also the introductions
of each section where we summarize contents in more technical terms.
1.3 Notations
General definitions will be given with reference to an arbitrary smooth manifold
M. θM, ΩM will be used for canonical one-form and symplectic two-form
defined onM. This convention of showing the space of definition as a subscript
will be extended to other objects when necessary. Γ(pr) will usually denote the
space of sections of a bundle pr : E −→ B. For spaces of sections of tangent and
cotangent bundles of a manifoldM we will use X(M) and Λ1(M), respectively.
The bracket <,>M will be used for natural pairing between differential forms
and vector fields over M. F(M) and Den(M) will denote spaces of functions
(zero-forms) and volume forms on M. iX and LX will be used for the interior
product (contraction) and the Lie derivative with respect to the vector field X .
Throughout the work G, g and g∗ will be used frequently for Diffcan(T
∗Q), its
Lie algebra Xham(T
∗Q) and the dual of the latter, respectively. If q ∈ Q then,
we will use
(q, q˙) ∈ TqQ, z = (q,p) ∈ T
∗
qQ,
(z,pi) ∈ T ∗z T
∗
qQ, (q, q˙,λq,λq˙) ∈ T
∗
z TqQ, (12)
(z, z˙) ∈ TzT
∗
qQ, (z,Xh) ∈ TzT
∗
qQ.
The canonical one-form on T ∗Q will be θT∗Q(z) = p · dq and the symplectic
two-form is ΩT∗Q(z) = dθT∗Q(z) = dp∧dq.
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2 Lie Algebra of Hamiltonian Vector Fields
We shall show that the algebra of all vector fields on particle phase space can be
decomposed into a semi-direct product of Hamiltonian vector fields and space of
symplectic duals of all non-closed one-forms on particle phase space. Among the
latter, those vector fields with constant divergence are related to homotheties
on particle phase space and they correspond to constant plasma densities. We
then introduce special symplectic structures and present the Tulczyjew sym-
plectic structure on TT ∗Q relevant to a description of particle dynamics as
Lagrangian submanifolds. Finally, we shall expand on the remark in [24] that
the configuration space G of plasma dynamics can be represented as space of
Lagrangian submanifolds in the space of sections of a trivial bundle, and show
that the Lie algebra of Hamiltonian vector fields can be obtained, as tangent
space over the identity, to be spaces of all Lagrangian submanifolds of Tulczyjew
symplectic space for particle dynamics.
2.1 Algebra of vector fields in TT ∗Q
Let X(T ∗Q) and Λ1(T ∗Q) denote the spaces of smooth sections of TT ∗Q → T ∗Q
and T ∗T ∗Q → T ∗Q, respectively. The nondegeneracy of canonical symplec-
tic form ΩT∗Q on T
∗Q leads to the musical isomorphism Ω♭T∗Q : X(T
∗Q) →
Λ1(T ∗Q) defined, for arbitrary vector fieldsX,Y ∈ X(T ∗Q), by Ω♭T∗Q (X) (Y ) =
ΩT∗Q (X,Y ) or, alternatively, by Ω
♭
T∗Q (X) = iXΩT∗Q. The isomorphism
Ω♯T∗Q : Λ
1(T ∗Q) → X(T ∗Q) is obtained by fiberwise inversion of Ω♭T∗Q. In
the local coordinates introduced above we have
Ω♭T∗Q(q,p; q˙, p˙) = (q,p; p˙,−q˙),
Ω♯T∗Q(q,p;piq, pip) = (q,p;−pip,piq). (13)
If the image of a vector field X by the mapping Ω♭T∗Q is closed then X is a
locally Hamiltonian vector field, and hence, the space Xham(T
∗Q) of Hamilto-
nian vector fields on T ∗Q is isomorphic to the space kerd of all closed one-forms
on T ∗Q. If Ω♭T∗Q (X) is exact, we write Ω
♭
T∗Q (Xh) = −dh and Xh is said to be
globally Hamiltonian [1],[37].
Proposition 3 Let g♭ = Ω♭T∗Q (g) and (g
∗)
♯
⊂ X(T ∗Q) denote the vector space
of closed one-forms on T ∗Q and the image of g∗ under the mapping Ω♯T∗Q,
respectively. With the isomorphism
Ω♭T∗Q : g = Xham(T
∗Q)↔ g♭ = kerd ∩ Λ1(T ∗Q) (14)
we have the decompositions
Λ1(T ∗Q) = kerd⊕ g∗ = g♭ ⊕ g∗ (15)
X(T ∗Q) = g⊕ (g∗)♯ (16)
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of the spaces of one-forms and vector fields on T ∗Q. Moreover, g and (g∗)
♯
are
Lie subalgebras, and (g∗)
♯
is an ideal of X(T ∗Q)
[g,g] ⊂ g ,
[
(g∗)
♯
, (g∗)
♯
]
⊂ (g∗)
♯
,
[
g, (g∗)
♯
]
⊂ (g∗)
♯
.
Proof. Eq.(15) follows from the definitions above. Since the dual g∗ of the Lie
algebra g of Hamiltonian vector fields is defined to be non-closed one-form den-
sities on T ∗Q, the remaining elements of Λ1(T ∗Q), namely, closed one-forms
constitute the underlying vector space of g♭. For decomposition in Eq.(16) we
have that Hamiltonian vector fields are divergence-free with respect to the sym-
plectic or Liouville volume dµ = Ω3T∗Q. Let (g
∗)♯ denote the image of dual g∗ of
Lie algebra g of Hamiltonian vector fields under the isomorphism Ω♯T∗Q. For a
non-degenerate L2−pairing of g and g∗, (g∗)
♯
contains vector fields with nonva-
nishing divergences. In other words, α♯ ≡ Ω♯T∗Q(α) ∈ (g
∗)
♯
is not Hamiltonian
in any sense. [g,g] ⊂ g follows from definition of (locally) Hamiltonian vector
fields. For vector fields with non-constant divergences second property in the last
conclusion can be obtained by direct computation. For the last property, if X is
locally Hamiltonian, then for the non-Hamiltonian vector field α♯ we compute
i[X,α♯]ΩT∗Q = LX iα♯ΩT∗Q = dΩT∗Q
(
α♯, X
)
+ iXdiα♯ΩT∗Q (17)
which need not be closed for arbitrary choices of X and α♯ and hence, not
Hamiltonian. Last conclusion implies that the algebraic structure on sections of
TT ∗Q is a semi-direct product algebra
X(T ∗Q) = gs (g∗)♯
of vector fields with the Hamiltonian vector fields in g acting on the second factor
(g∗)
♯
by Lie derivative. This, of course, is a consequence of the coadjoint action
of g on its dual g∗ which, in turn, produces Lie-Poisson dynamics.
2.2 Homotheties
Defining the divergence of an element of (g∗)
♯
to be a density, we obtain the
identification of (g∗)
♯
with the spaceDen(T ∗Q) of densities on T ∗Q. In particu-
lar, vector fields Π♯c with constant divergences (with respect to Liouville volume
and for n−dimensional plasma)
LΠ♯cΩ
n = (divΩΠ
♯
c)Ω
n = cΩn, c = constant (18)
correspond to constant plasma densities. In this case, we have either Lagrangian
description of kinematics or, no dynamics in an Eulerian description. Since Ω
is nondegenerate, Eq.(18) implies
LΠ♯cΩ =
c
n
Ω, c = constant.
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That means, vector fields with constant divergences are infinitesimal homoth-
eties of the symplectic form Ω [76]. Although, Π♯c is not even locally Hamilto-
nian, it follows from the identity
L[X,Y ] = LXLY − LY LX (19)
that the Lie bracket of two vectors with constant divergence is locally Hamilto-
nian. If we denote the set in (g∗)♯ of vector fields with constant divergences by
(g∗c)
♯
then, straightforward computations prove
Proposition 4
[
g, (g∗c)
♯
]
⊂ g,
[
(g∗)♯ , (g∗c)
♯
]
⊂ (g∗)♯ ,
[
(g∗c)
♯ , (g∗c)
♯
]
⊂ g.
Proof. For the first assertion we have
i[Xh,Π♯c]Ω = iXhdiΠ♯cΩ+ diXh iΠ♯cΩ = iXh
c
n
Ω+ dΩ
(
Π♯c, Xh
)
= d
(
−
c
n
h+Ω
(
Π♯c, Xh
))
where we used the identity
i[X,Y ] = LX iY − iY LX . (20)
If we replace Xh with a locally Hamiltonian vector field then a similar compu-
tation implies that the bracket is again locally Hamiltonian. For the second, we
compute, from the definition of locally Hamiltonian vector fields
di[Π♯id,Π
♯
c]Ω = LΠ♯id
diΠ♯cΩ− diΠ♯c
1
n
divΩΠ
♯
idΩ
=
c
n2
divΩΠ
♯
idΩ− d
(
1
n
divΩΠ
♯
id
)
∧ iΠ♯cΩ−
1
n
(
divΩΠ
♯
id
)
diΠ♯cΩ
= −d
(
1
n
divΩΠ
♯
id
)
∧ iΠ♯cΩ.
This can be zero only if Π♯c is globally Hamiltonian with divergence of the arbi-
trary element Π♯id of (g
∗)♯ , which is not possible.
The action of homotheties on plasma density function may be computed
using the identity in Eq.(19)
L[Π♯id,Π
♯
c] (dµ) = LΠ♯id
(cdµ)− LΠ♯c (fdµ)
= cfdµ− df ∧ iΠ♯c (dµ)− cfdµ
= −df ∧ iΠ♯c (dµ) = −iΠ♯c (df) dµ = −Π
♯
c (f) dµ (21)
and thus, is described by
Πid → fdµ,
[
Π♯c,Π
♯
id
]
→ Π♯c (f)dµ. (22)
This can be neglected by a redefinition of density. We thus restrict the definition
of g∗ to one-forms Πid for which divΩΠ
♯
id = f 6=constant.
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Remark 5 Proposition 4 opens up the possibility to apply the following Lebedev-
Manin construction [33] to plasma dynamics. Assume that we have a = g⊕ (g∗)
♯
as a vector space with g, (g∗)
♯
and (g∗c)
♯
satisfying
[g,g] ⊂ g ,
[
(g∗)♯ , (g∗)♯
]
⊂ (g∗)♯ ,
[
g, (g∗)♯
]
⊂ (g∗)♯ .
Let 〈, 〉 be an invariant non-degenerate scalar product on a with
〈g, g〉 =
〈
(g∗)♯ , (g∗)♯
〉
= 0.
For F : (g∗)
♯
−→ R, define δF (Π♯id)/δΠ
♯
id ∈ g by〈
Π♯,
δF (Π♯id)
δΠ♯id
〉
=
d
dǫ
F (Π♯id + ǫΠ
♯)|ǫ=0, ∀Π
♯
id,Π
♯ ∈ (g∗)
♯
.
Let F be an invariant function on a, that is, [X, δF (X)/δX ] = 0 for all X ∈ a.
For Π♯c ∈ (g
∗
c)
♯
, set FΠ♯c(Π
♯
id) = F (Π
♯
id +Π
♯
c) for all Π
♯
id ∈ (g
∗)
♯
. Then, for two
invariant functions F,G we have {FΠ♯c , GΠ♯c}LP = 0 on (g
∗)
♯
(with Lie-Poisson
bracket adapted from g∗). The Lie-Poisson equations
Π˙♯id =
[
Π♯id, δFΠ♯c(Π
♯
id)/δΠ
♯
id
]
can be written in equivalent Lax form
d
dt
(Π♯id +Π
♯
c) =
[
Π♯id +Π
♯
c,
δFΠ♯c(Π
♯
id)
δΠ♯id
]
.
Remark 6 It has been argued that the physical initial conditions must satisfy
f(z, 0) > 0 [46].The restrictions on the definition of momentum variables may
further be expanded to the physical requirement that the density function be pos-
itive. We remark that this condition is intimately related to the non-degeneracy
of symplectic structure on coadjoint orbit of canonical diffeomorphisms. The
condition f(z, 0) > 0 requires the description of density by elements Πid ∈ g
∗
with divΩT∗QΠ
♯
id > 0. Equivalently, in the language of differential forms, we
have d(Πid ∧ Ω
2
T∗Q) > 0. Consider a six dimensional domain D in T
∗Q with
boundary ∂D. Then, the positive divergence implies∫
∂D
Πid(z) ∧ Ω
2
T∗Q(z) > 0 (23)
so that we have a volume element or, an orientation, for the five dimensional
boundary of the region D. This can now be related to the nondegeneracy of the
coadjoint orbit symplectic structure on g∗. An element of the tangent space to
the coadjoint orbit through Πid will be of the form LXk(Πid). By definition, the
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orbit symplectic structure is
ΩΠid
(
LXk(Πid),LXg (Πid)
)
=
∫
D
Πid(z) · [Xk(z), Xg(z)] Ω
3
T∗Q(z)
=
∫
∂D
{g(z), k(z)} Πid(z) ∧ Ω
2
T∗Q(z)
which, by Eq.(23) does not vanish for arbitrary functions g and k.
2.3 Lie algebra of one-forms over T ∗Q
To study the algebraic structure on Λ1(T ∗Q) = g♭⊕ g∗ we define the bracket of
one-forms
{α, β}Ω−1
T∗Q
= Lα♯β − Lβ♯α− dΩ
−1
T∗Q (α, β)
where Ω−1T∗Q denotes the Poisson bi-vector obtained by inverting the matrix
of symplectic two-form ΩT∗Q and α
♯ = Ω♯T∗Q (α) is a vector field on T
∗Q
corresponding to the one-form α in Λ1 (T ∗Q). If α and β are closed forms
in g♭ corresponding to Hamiltonian vector fields then we have
{α, β}Ω−1
T∗Q
= d
(
iα♯β − iβ♯α− Ω
−1
T∗Q (α, β)
)
which is exact and hence in g♭. If α is closed and dΠid 6= 0, then
{α,Πid}Ω−1
T∗Q
= iα♯dΠid + d
(
iα♯Πid − iΠ♯
id
α− Ω−1T∗Q (α,Πid)
)
where the condition that the first term be closed requires the invariance relations
diα♯dΠid = Lα♯dΠid = dLα♯Πid = 0 for arbitrary α ∈ g
♭ and Πid ∈ g
∗. The same
argument applies for two arbitrary elements of g∗. Thus we have the following
proposition, which summurizes the calculations above.
Proposition 7
{
g♭,g♭
}
Ω−1
T∗Q
⊂ g♭, {g∗,g∗}Ω−1
T∗Q
⊂ g∗,
{
g♭,g∗
}
Ω−1
T∗Q
⊂ g∗.
According to this result, it is obvious that g♭ is a subalgebra of Λ1(T ∗Q) with
respect to the bracket { , }Ω−1
T∗Q
. In particular, for locally Hamiltonian vector
fields in glh, g
♭
lh consists of closed but non-exact one froms which are elements
of the first de Rham cohomology space of the particle phase space T ∗Q. These
cohomological one-forms satisfy
{g♭lh, g
♭}Ω−1
Q
⊂ g♭, {g♭lh, g
∗}Ω−1
Q
⊂ g∗.
Remark 8 The equation div Π♯id = f offers an alternative notation for the
elements Πf , Πg in g
∗ satisfying div Π♯f = f and div Π
♯
g = g, respectively.
We can pull-back the canonical Poisson structure on T ∗Q by the map g∗ →
F (T ∗Q) : Πf → f hence define a Lie algebra structure
[Πf ,Πg] = Π{f,g} (24)
on g∗. This is the reduced Poisson structure on g∗ given in proposition 7.
Eq.(24) gives also that the map Πf → f is a Poisson map.
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2.4 Tulczyjew symplectic structure on TT ∗Q
The space TT ∗Q admits a symplectic structure first described by Tulczyjew
[64], [65], [66], [67], [70]. A special symplectic structure is a quintuple
(P , πPM,M, ϑP , χ)
where πPM : P →M is a fibre bundle, ϑP is a one-form on P , and χ : P → T
∗M
is a fiber preserving diffeomorphism such that χ∗θT∗M = ϑP for θT∗M being the
canonical one-form on T ∗M. χ can be characterized uniquely by the condition
〈χ(p), XM(x)〉 = 〈ϑP(p), XP(p)〉 for each p ∈ P , π
P
M(p) = x and for vector
fields XM : M→ TM, XP : P → TP satisfying
(
πPM
)
∗
XP = XM. (P , dϑP)
is the underlying symplectic manifold of the special symplectic structure.
Proposition 9 The space TT ∗Q is the underlying symplectic manifold for two
different special symplectic structures
(TT ∗Q, τT∗Q, T
∗Q, ϑ1,Ω
♭
T∗Q), (TT
∗Q, T πQ, TQ, ϑ2, αQ) (25)
where the one-forms ϑ1 and ϑ2 are, in the adapted coordinates,
ϑ1(z, z˙) = ((Ω
♭
T∗Q)
∗θT∗T∗Q)(z, z˙) = p˙ · dq− q˙ · dp (26)
ϑ2(z, z˙) = α
∗
Q(θT∗TQ)(z, z˙) = p˙ · dq+ p · dq˙ (27)
and the Tulczyjew two-form of the underlying symplectic manifold is
ΩTT∗Q(z, z˙) = dϑ1(z, z˙) = dϑ2(z, z˙) = dp˙∧dq+ dp∧dq˙. (28)
These are constructed by means of two different fibrations of TT ∗Q over
T ∗Q and TQ which can be represented by the diagram
T ∗T ∗Q
Ω♭T∗Q
←−−−− TT ∗Q
αQ
−−−−−→ T ∗TQ
πT∗Q ցտ −dh ւ τT∗Q TπQ ց dl րւ πTQ
T ∗Q TQ
πQ ց ւ τQ
Q
(29)
known as the Tulczyjew triple. Here, τQ, πQ, τT∗Q and πT∗Q are natural
projections, Ω♭T∗Q is the induced map from the symplectic two-form ΩT∗Q on
T ∗Q, αQ is a diffeomorphism constructed as a dual of canonical involution κQ of
TTQ. αQ is a canonical description of the equivalence of functors TT
∗ and T ∗T
while κQ describes the canonical flip of the first derivatives with respect to two
different parametrizations for second order tangent bundle. In coordinates, we
have αQ (q,p; q˙, p˙) = (q, q˙; p˙,p). The triangular diagrams on left and right de-
fine special symplectic structures on TT ∗Q by pull-back of canonical one-forms
θT∗T∗Q and θT∗TQ on the cotangent bundles T
∗T ∗Q and T ∗TQ, respectively.
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Ω♭T∗Q and αQ are symplectomorphisms from TT
∗Q to the canonical symplectic
manifolds T ∗TQ and T ∗T ∗Q.
Hamiltonian and Lagrangian formulations can then be realized as Lagrangian
submanifolds of TT ∗Q. A submanifold S of a symplectic manifold (M,Ω) is a
Lagrangian submanifold, if its dimension is half the dimension of M and the
restriction of Ω on S vanishes, that is Ω|S = 0 [81], [82].
Consider a special symplectic structure (P , πPM,M, ϑP , χ) and let g :M→ R
be a real valued function. Then, the set
SP =
{
p ∈ P :
〈
dg(x), T πPM ◦XP(p)
〉
= 〈ϑP(p), XP(p)〉 , ∀XP ∈ X(P)
}
is a Lagrangian submanifold of the underlying symplectic manifold (P , dϑP) and
the function g is called the generating function [58]. It follows from the definition
of SP that, the one-form ϑP is characterized by the relation (π
P
M)
∗dg = ϑP .
Since χ is a symplectic diffeomorphism, it maps SP to the space Im (dg) which
is a Lagrangian submanifold of T ∗M. In general, the image of a closed one-form
on M is a Lagrangian submanifold of T ∗M and its pull-back to P by χ is a
Lagrangian submanifold of P .
Let l : TQ→ R. The image of mapping dl : TQ→ T ∗TQ is described by the
equations λq˙ = ∇ql(q, q˙) and λq = ∇q˙l(q, q˙). Pull back of this to TT
∗Q gives
the dynamical equations (TπQ)
∗dl = ϑ2 which, in coordinates, read ∇q˙l(q, q˙) =
p, ∇ql(q, q˙) = p˙ . For a Hamiltonian function h : T
∗Q → R, the image
Im(−dh) is a Lagrangian submanifold of T ∗T ∗Q. The Hamilton’s equations on
TT ∗Q are obtained from the relation ϑ1 = τ
∗
T∗Q(−dh) = −d(h ◦ τT∗Q), which,
in coordinates, are expressed as
− dh(z) = p˙ · dq− q˙ · dp, q˙ = ∇ph(z), p˙ = −∇qh(z). (30)
Since the derivative of ϑ1 = τ
∗
T∗Q(−dh) vanishes, the Hamiltonian dynamics
becomes a Lagrangian submanifold of (TT ∗Q, dϑ1) generated by the function
−h. If X is locally Hamiltonian then the one form iXΩT∗Q is still closed by
definition and Im (X) defines a Lagrangian submanifold of TT ∗Q, as well. Thus,
we have the identification of the vector space Xham(T
∗Q) with the space of all
Lagrangian submanifolds of the Tulczyjew symplectic space (TT ∗Q,ΩTT∗Q). In
the next subsection, we shall obtain this space as tangent space over identity of
configuration space of plasma.
2.5 Spaces of Lagrangian submanifolds
As the Hamiltonian dynamics of a single particle described by a diffeomorphism
ϕ ∈ Diffcan(T
∗Q) corresponds to a Lagrangian submanifold of the Tulczyjew
symplectic manifold TT ∗Q, it is possible to describe all such motions, that is,
each configuration of plasma by a Lagrangian submanifold in TT ∗Q [24]. We
shall show that the space Lag(TT ∗Q,ΩTT∗Q) of all Lagrangian submanifolds
can be obtained as the tangent space over identity of a suitable representation
of the group Diffcan(T
∗Q) of all canonical transformations. We rely on the
fact that the configuration space Diffcan(T
∗Q), as a manifold of maps [43],
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[59], can also be given a description in terms of sections Γ(pr0) of the trivial
bundle pr0 : T
∗Q0×T
∗Q →T ∗Q0 where T
∗Q0 is the particle phase space with
Lagrangian coordinates Z and T ∗Q carries Eulerian coordinates z. The total
space T ∗Q0×T
∗Q is then symplectic with the two-form [58], [69], [80], [7]
Ω−(Z, z) = ΩT∗Q0(Z) − ΩT∗Q(z) = dP ∧ dQ− dp ∧ dq.
Proposition 10 Diffcan(T
∗Q) can be identified with the space LagΓ(pr0,Ω−)
of all Lagrangian sections of the trivial bundle (pr0,Ω−). In this case, the
Lie algebra Xham(T
∗Q) of Hamiltonian vector fields corresponds to the space
Lag(TT ∗Q,ΩTT∗Q) of all Lagrangian submanifolds of the Tulczyjew symplectic
space.
Proof. A diffeomorphism ϕ : T ∗Q0→T
∗Q is canonical if ΩT∗Q0−ϕ
∗ΩT∗Q = 0.
It follows that Ω− vanishes when restricted to the graphs
Grϕ = {(Z, ϕ(Z)) : Z ∈ T ∗Q0} ⊂ Γ(pr0)
of canonical diffeomorphisms [80], [7]. For a base point Z ∈ T ∗Q0, the total
space is twelve dimensional and Grϕ is a six dimensional subspace. When ϕ
is canonical, Ω− vanishes on Grϕ and this is a Lagrangian submanifold in
(T ∗Q0×T
∗Q,Ω−). If we denote the space of all sections of the trivial bundle
on which the restriction of Ω− vanishes, namely, the space of all Lagrangian
sections by LagΓ(pr0,Ω−), then we have the bijective correspondence
Diffcan(T
∗Q)←→ LagΓ(pr0,Ω−) : ϕ←→ Grϕ.
To find the tangent space over the identity mapping, we proceed as follows.
Corresponding to a curve ϕt ∈ Diffcan(T
∗Q) with ϕ0(Z) = z, we have the
curve t 7→ Grϕt in LagΓ(pr0,Ω−) with Grϕ0 = {(Z, z) : Z ∈ T
∗Q0}. The
tangent space TGrϕtLagΓ(pr0,Ω−) consists of vectors
XGrϕt(Z) =
d
dt
Grϕt(Z) = (Z, ϕt(Z); 0,
dϕt(Z)
dt
) = (Z, ϕt(Z); 0,Xϕt(Z)) (31)
tangent to Grϕt. For each Z ∈T
∗Q0, this is a vector tangent to the fiber T
∗Q
over Z. That means, XGrϕt(Z) is in the vertical tangent space
VGrϕt(Z)(T
∗Q0×T
∗Q). (32)
Over the identity, t = 0, we have
XGrϕ0(Z) =
d
dt
Grϕt(Z)|t=0 = (Z, z; 0,
dϕt(Z)
dt
|t=0) = (Z, z; 0,Xh(z))
where Xh(z) = Xh(z) · ∇z is the Hamiltonian vector field generating ϕt ∈
Diffcan(T
∗Q). Thus, over the identity mapping we have
V(Z,z)(T
∗Q0×T
∗Q)←→ TzT
∗Q : XGrϕ0(Z)←→ Xh(z).
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In fact, for each ϕ the vertical tangent space in (32) is isomorphic to a copy of
TT ∗Q. To this end, we recall the definition of pull-back bundle. Given E −→ N
and a continuous map Φ : M −→ N , the pull-back of E by Φ is the bundle
Φ∗E −→M whose fiber (Φ∗E)x over x ∈M is the fiber EΦ(x) of E −→ N over
Φ(x). In our case, EΦ(x) = VGrϕt(Z)(T
∗Q0×T
∗Q) and hence
VGrϕt(Z)(T
∗Q0×T
∗Q)=Grϕt
∗(V(Z,z)(T
∗Q0×T
∗Q)).
Since we are dealing with a trivial bundle, the vertical space is just the tangent
space to the second factor, so we have
VGrϕt(Z)(T
∗Q0×T
∗Q) = Grϕt
∗(TT ∗Q) =(id, ϕt)
∗(TT ∗Q)
= ϕt
∗(TT ∗Q)
as the tangent space over ϕ ∈ Diffcan(T
∗Q). Thus, the tangent space at Grϕt
to the space of Lagrangian sections LagΓ(pr0,Ω−) is the space of sections con-
sisting of pull-back by ϕ of (Hamiltonian) vector fields on T ∗Q. As ϕ is canon-
ical, these sections are images of Hamiltonian vector fields on T ∗Q and hence
are Lagrangian submanifolds in ϕ∗(TT ∗Q). For ϕ being the identity element
of G, we obtain the space of Lagrangian submanifolds Lag(TT ∗Q) as the Lie
algebra of the group Diffcan(T
∗Q).
Remark 11 Having the correspondence Diffcan(T
∗Q)←→ LagΓ(pr0,Ω−) for
configuration space of plasma dynamics, one needs operations between Lagrangian
submanifolds of LagΓ(pr0,Ω−) similar to right and left multiplications of the
group Diffcan(T
∗Q) producing particle relabelling symmetry and kinematical
motion, respectively. This can be achieved in the framework of symplectic re-
lations. The Lagrangian submanifolds of symplectic spaces of the form (M2 ×
M1,Ω− = Ω2 − Ω1) were defined as symplectic relations and their composition
rules were proved in [58].
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3 From Particle Dynamics to Vlasov Equation
We shall describe a purely geometric framework in which one can find a precise
relation between the individual particle motion and the Vlasov equation. In
this framework, the one-form ϑ2(z, z˙) of the special symplectic structure in
Eq.(27) and the Tulczyjew symplectic two-form can be obtained as complete
tangent lifts of canonical forms on particle phase space. Given the infinitesimal
generator of particle motion, its complete cotangent lift describes a Lagrangian
submanifold of certain special symplectic structure. We shall present a Morse
family generating Legendre transformation, in the sense of Tulczyjew, for the
lifted motion. Using a holonomic lift operator, we shall carry the lifted motion
to vertical subspace of a Tulczyjew symplectic space. This subspace is integrable
when restricted to generators lifted from the Lie algebra of Hamiltonian vector
fields. Finally, introducing the vertical lifts of one-forms we shall obtain the
relation between the Hamiltonian vector fields generating the particle motion
and the momentum-Vlasov equations. We refer to [54], [11], [62], [29], [34], [71],
[73], [60], [61], [72], [74], [36], [15], [9], [51], [28], [30], [37], [10] for definitions
and various aspects of lifts of geometric objects some of which we summarize in
the following subsection.
3.1 Complete lifts
Let X be a vector field on M, ϕt : M → M be its flow and τM : TM→M
be the tangent bundle. The tangent lift ϕct : TM → TM of ϕt is defined
as to satisfy τM ◦ ϕ
c
t = ϕt ◦ τM and constitutes a one-parameter group of
diffeomorphisms on TM. Differentiating the defining relation we obtain TτM ◦
Xc = X ◦ τM where TτM is the tangent mapping of τM. This means that X
and Xc are τM related. X
c is called the complete tangent lift of the vector field
X . In local coordinates (xa, va) of TM, the complete tangent lift of X(x) =
Xa(x)∂/∂xa is given by
Xc (x, v) = Xa (x)
∂
∂xa
+ vb
∂Xa(x)
∂xb
∂
∂va
. (33)
Similarly, the cotangent lift of the flow ϕt is a one-parameter group of dif-
feomorphisms ϕc∗t on T
∗M satisfying πM ◦ ϕ
c∗
t = ϕt ◦ πM, where πM is the
natural projection of T ∗M to M. The generator Xc∗ of ϕc∗t is the complete
cotangent lift of X and is obtained from the infinitesimal version of the defining
relation as
TπM ◦X
c∗ = X ◦ πM, (34)
which means that, X and Xc∗ are πM related. Since Eq.(34) is equivalent to
π∗MX = X
c∗, we have
Proposition 12 The cotangent lift c∗ : X (M) → X (T ∗M) is a Lie algebra
isomorphism into [X,Y ]
c∗
= [Xc∗, Y c∗] , for all X,Y ∈ X (M).
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In fact, this is the homomorphism that leads to the so called plasma-to-fluid
map (c.f section 4.4).
The complete cotangent lift Xc∗ of a vector field X on M is a Hamilto-
nian vector field on the canonically symplectic manifold T ∗M. Indeed, the
lifted flow ϕc∗t preserves the canonical one-form θT∗M on the cotangent bundle
(ϕc∗t )
∗
θT∗M = θT∗M [37],[60],[10]. Differentiating at t = 0 gives LXc∗θT∗M =
0. Using the identity LX = diX + iXd we obtain the Hamilton’s equations
iXc∗ (ΩT∗M) = −d (iXc∗θT∗M) (35)
for Xc∗ with the Hamiltonian function iXc∗θT∗M. Taking θT∗M (x, y) = yadx
a
and X = Xa(x)∂/∂xa we obtain
Xc∗ (x, y) = Xa(x)
∂
∂xa
− yb
∂Xb(x)
∂xa
∂
∂ya
(36)
and the Hamiltonian function yaX
a(x) is degenerate in the fiber variables ya.
We observe that complete cotangent lifts can be given a variational formulation
as well. Define the Whitney product
T ∗M×M TM = {(α,X) ∈ T
∗M× TM : πM (α) = τM (X)}
which may be viewed as a submanifold of TT ∗M given by y˙ = 0. Then, the
following result is straightforward.
Proposition 13 Associated to the cotangent lift in Eq.(36), the first order dif-
ferential equations
x˙a = Xa(x), y˙a = −yb
∂Xb(x)
∂xa
are the Euler-Lagrange equations for the (degenerate) Lagrangian density
L(x, x˙, y) = ya(x˙
a −Xa(x)) = yax˙
a −H(x, y)
defined on the Whitney product T ∗M×MTM.
Remark 14 In [48], the Whitney product was shown to be isomorphic to the
restriction of TT ∗M to zero section of T ∗M. Then, a generalized tangent bun-
dle and a generalized complex structure on M were introduced as the Whitney
product being a bundle over M and, as a comlex structure on Whitney product.
Complete tangent lift f c ∈ F (TM) of a function f ∈ F (M) is simply
the directional derivative f c (x, v) = df (x) · v and is given in coordinates as
f c = va∂f/∂xa. Let ωM ∈ Λ
k (M) be a differential k-form onM. Its complete
tangent lift ωcM ∈ Λ
k (TM) is a differential k-form on TM and is defined by
means of the lifts of vector fields and functions, namely,
ωcM(X
c
1 , ..., X
c
k) = (ωM(X1, ..., Xk))
c. (37)
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For a one-form θM = θadx
a ∈ Λ1 (M), we compute
θcM =
∂θa
∂xb
vbdxa + θadv
a (38)
and for a two-form ΩM = (1/2)Ωabdx
a ∧ dxb ∈ Λ2 (M), we find
ΩcM(x, v) =
1
2
(va
∂Ωab
∂xd
dxd ∧ dxb +Ωabdv
a ∧ dxb +Ωabdx
a ∧ dvb). (39)
For a constant matrix Ωab, this reduces to
ΩcM(x, v) = Ωabdx
a ∧ dvb = dxa ∧ d(Ωabv
b). (40)
If ΩM defines a constant symplectic structure on M, Hamiltonian vector fields
are of the form Ωabv
b = ∂k(x)/∂xa for functions k(x) on M. Restricting the
lifted two-form to Hamiltonian vector fields we find
ΩcM(x, v) = dx
a ∧ d
∂k(x)
∂xa
= dxa ∧
∂dk(x)
∂xa
= d2k(x) ≡ 0 (41)
which means that, with respect to the lift ΩcM of (constant) symplectic structure
ΩM, Hamiltonian vector fields of ΩM define Lagrangian submanifolds of (TM,
ΩcM). In fact, the Tulczyjew symplectic two-form is of this sort.
3.2 Lift of particle dynamics
We consider the particle dynamics onM = T ∗Q described as the flow of Hamil-
tonian vector field
Xh(z) =
1
m
p · ∇q − e∇qφf (q) · ∇p (42)
with respect to the symplectic two-form ΩT∗Q(z) = dp ∧ dq which is exact
ΩT∗Q = dθT∗Q with θT∗Q(z) = p · dq and, for the Hamiltonian function h(z) =
p2/2m+ eφf (q) which is the energy of a charged particle. First, we note
Proposition 15 Complete tangent lifts of θT∗Q and ΩT∗Q are
θcT∗Q(z, z˙) = ϑ2(z, z˙) = α
∗
Q(θT∗TQ)(z, z˙)
ΩcT∗Q(z, z˙) = ΩTT∗Q(z, z˙) (43)
which are the one-form for the fibration over TQ and the Tulczyjew two-form
on TT ∗Q, given in Eqs.(27) and (28), respectively.
The complete cotangent lift of Xh(z) is the vector
Xc∗h (z,Πid) = Xh (z) + e(Πp · ∇q)∇qφf (q) · ∇Πq −
1
m
Πq · ∇Πp (44)
on T ∗z T
∗
qQ which is canonically Hamiltonian
iXc∗
h
ΩT∗T∗Q = −dHT∗T∗Q (45)
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with the canonical two-form
ΩT∗T∗Q(z,Πid) = d(Πq · dq+Πp · dp) = dθT∗T∗Q(z,Πid) (46)
and for the Hamiltonian function
HT∗T∗Q(z,Πid) =
1
m
p ·Πq − e∇qφ(q) ·Πp = 〈Xh (z) ,Πid (z)〉T∗Q . (47)
Hence, the constructions forXh(z) can be carried over the cotangent liftX
c∗
h (z,Πid)
by replacing Q with T ∗Q but with a degenerate Hamiltonian function. An in-
variant way of writing this Hamiltonian is
HT∗T∗Q = iXc∗
h
θT∗T∗Q = iXhθT∗T∗Q (48)
where we used the fact that θT∗T∗Q has no components along vertical directions.
It follows that the canonical one-form θT∗T∗Q is an absolute invariant of the
cotangent lift
LXc∗
h
θT∗T∗Q = dHT∗T∗Q + iXc∗
h
ΩT∗T∗Q = 0 (49)
which can be regarded to be equivalent to the Hamilton’s equations (45).
The image of the section dHT∗T∗Q : T
∗T ∗Q → T ∗T ∗T ∗Q is a Lagrangian
submanifold of (T ∗T ∗T ∗Q,ΩT∗T∗T∗Q) and the image of Ω
♯
T∗T∗Q (−dHT∗T∗Q) =
Xc∗h is a Lagrangian submanifold of TT
∗T ∗Q with the Tulczyjew’s two-form
ΩTT∗T∗Q. Hence, we have
Proposition 16 The image of complete cotangent lift Xc∗h of Hamiltonian vec-
tor field Xh is a Lagrangian submanifold of the special symplectic structure
(TT ∗T ∗Q, τT∗T∗Q, T
∗T ∗Q,Θ1 =
(
Ω♭T∗T∗Q
)∗
θT∗T∗T∗Q,Ω
♭
T∗T∗Q) (50)
generated by the Hamiltonian function −HT∗T∗Q(z,Πid).
Since HT∗T∗Q is an invariant of the lift X
c∗
h we have iXc∗h (Θ1) = 0. It follows
that Θ1 and the Tulczyjew’s two-form are invariants of any cotangent lift. In
other words, the cotangent lifts of diffeomorphisms of T ∗Q are symmetries of
the special symplectic structure (50).
We shall now apply Proposition (13) to obtain a variational formulation of
the first order equations associated to the cotangent lift in Eq.(44). Since the
equations under consideration have the additional property of being Lagrangian
submanifolds described in above Proposition, we shall, instead, follow an ap-
proach based on this property. Tulczyjew proposed a geometric construction
for a generalized Legendre transformation which also works for degenerate La-
grangians [70]. We now adapt this construction to find an inverse Legendre
transformation for the Hamiltonian system in Eq.(44) for which the Hamilto-
nian function HT∗T∗Q is degenerate in momenta Πid. The construction consists
of finding an alternative representation of the Lagrangian submanifold Im (Xc∗h )
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of the special symplectic structure (50) with respect to the special symplectic
structure
(TT ∗T ∗Q, T πT∗Q, TT
∗Q,Θ2 = α
∗
T∗Q(θT∗TT∗Q), αT∗Q) (51)
underlying the Lagrangian formulation of dynamics. Following [70], we consider
a fibration N → TT ∗Q and let
(
za, z˙b, πα
)
; a, b = 1, ..., 6, α = 1, ...,m be
adapted coordinates on N . A function E : N → R can be considered to be a
family of functions on the base TT ∗Q parametrized by the fiber coordinates πα.
This family is called a Morse family if the rank of the m× (m+ 12)-matrix
( ∂
2E
∂πα∂πβ
∂2E
∂πα∂zb
∂2E
∂πα∂z˙b
) (52)
is maximal [69], [64], [65], [80], [8], [6], [35].
Proposition 17 The image of complete cotangent lift Xc∗h of Hamiltonian vec-
tor field Xh is a Lagrangian submanifold of the special symplectic structure in
the expression (51) generated by the Morse family
E (z,Πid, z˙) = (z˙−Xh (z)) ·Πid (53)
defined on the Whitney product T ∗T ∗Q×T∗Q TT
∗Q.
Proof. Let m = 6 and choose the total space N to be the Whitney product
T ∗T ∗Q×T∗Q TT
∗Q = {(Πid, X) ∈ T
∗T ∗Q× TT ∗Q (54)
: πT∗Q (Πid) = τT∗Q (X)}
for which the local coordinates are (z,Πid, z˙). The Whitney product is a sub-
manifold of TT ∗T ∗Q which can locally be described by the equations Π˙id = 0.
Consider the function E (z,Πid, z˙) on TT
∗T ∗Q defined by Eq.(53). The matrix
in Eq.(52) becomes (0 −∂Xah/∂z
b δab ). This has rank 6, and so, E is a Morse
family. The condition
α∗T∗Q(θT∗TT∗Q)(z,Πid, z˙, Π˙id) = dE (z,Πid, z˙) (55)
for E to generate a Lagrangian submanifold of the special symplectic structure
(51) gives the components of the complete cotangent lift Xc∗h .
In the next subsection, we shall carry the dynamics on Whitney product to
the Tulczyjew symplectic space TT ∗T ∗Q by means of holonomic lift.
3.3 Momentum-Vlasov equations
Define the holonomic lift operator
Γ : T ∗T ∗Q×T∗Q TT
∗Q → TT ∗T ∗Q (56)
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from the Whitney product in Eq.(54) to the Tulczyjew symplectic space by
Γ (θT∗Q, XT∗Q) = TθT∗Q (XT∗Q). In coordinates, if XT∗Q(z) = X
a (z) ∂/∂za
and θT∗Q (z) = πa(z)dz
a then,
TθT∗Q (XT∗Q) (z,pi) = X
hol
T∗Q(z,pi) = X
a(z)
(
∂
∂za
+
∂πb(z)
∂za
∂
∂πb
)
(57)
which is a generalized vector field of order one [31], [55]. More generally, define
the holonomic part HXT∗T∗Q of a projectable vector field
XT∗T∗Q(z,pi) = X
a(z)
∂
∂za
+Xb (z,pi)
∂
∂πb
∈ T(z,pi)T
∗
z
T ∗Q (58)
on T ∗T ∗Q as the holonomic lift of its projection, that is,
HXT∗T∗Q = Γ ◦ TπT∗Q ◦XT∗T∗Q = ((πT∗Q)∗XT∗T∗Q)
hol
. (59)
The vertical representative is the complement in TT ∗T ∗Q of the holonomic part
V XT∗T∗Q = XT∗T∗Q −HXT∗T∗Q =
(
Xb (z,pi)−X
a (z)
∂πb (z)
∂za
)
∂
∂πb
(60)
and is a vertical valued generalized vector field of order one as well [31], [55],
[68].
The (first) prolongation of a (projectable) generalized vector field of order
one
XgT∗T∗Q (z,pi,piz) = X
a(z)
∂
∂za
+Xb (z,pi,piz)
∂
∂πb
(61)
is defined by
pr1XgT∗T∗Q = X
g
T∗T∗Q +Φab
∂
∂ (∂πb/∂za)
(62)
where the coefficient functions are
Φab =
(
d
dza
(
Xb −X
d ∂πb
∂zd
)
+Xd
∂πb
∂za∂zd
)
. (63)
Here, the set (z,pi,piz) is the induced local coordinate system for the jet bundle
of the fibration T ∗T ∗Q→ T ∗Q, and d/dza is the total derivative operator with
respect to za. Lie bracket of two first order generalized vector fields XgT∗T∗Q
and Y gT∗T∗Q is the unique first order generalized vector field
[
XgT∗T∗Q, Y
g
T∗T∗Q
]
pro
=
(
pr1XgT∗T∗Q (Y
a)− pr1Y gT∗T∗Q (X
a)
) ∂
∂za
+
(
pr1XgT∗T∗Q (Yb)− pr
1Y gT∗T∗Q (Xb)
) ∂
∂πb
.(64)
IfXgT∗T∗Q and Y
g
T∗T∗Q are ordinary vector fields on T
∗T ∗Q, then [ , ]pro reduces
to the Jacobi-Lie bracket of vector fields [50].
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IfXT∗T∗Q and YT∗T∗Q are two projectable vector fields on T
∗T ∗Q, a straight-
forward calculation gives
[HXT∗T∗Q, HYT∗T∗Q]pro = H [XT∗T∗Q, YT∗T∗Q] (65)
where [ , ]pro is the bracket in Eq.(64). That means, holonomic lift defines an
isomorphism between subspace HT ∗T ∗Q = Im (Γ) of the direct sum decompo-
sition TT ∗T ∗Q = V T ∗T ∗Q⊕HT ∗T ∗Q and the space of projectable vector fields
on T ∗T ∗Q [51], [28], [31]. However, for vertical representatives there appears,
in addition, a vector valued two-form.
Proposition 18 For vertical representatives, the bracket [ , ]pro gives
[V XT∗T∗Q, V YT∗T∗Q]pro = V [XT∗T∗Q, YT∗T∗Q]pro +B (XT∗T∗Q, YT∗T∗Q) ,
(66)
where B is a vertical-vector valued two-form
B (XT∗T∗Q, YT∗T∗Q) = [HYT∗T∗Q, V XT∗T∗Q]pro − [HXT∗T∗Q, V YT∗T∗Q]pro .
(67)
If, on the other hand, XT∗T∗Q and YT∗T∗Q are restricted to be complete
cotangent lifts of vector fields on T ∗Q, then the two-form B in Eq.(67) vanishes
[13], and we obtain
Proposition 19 Let XT∗Q, YT∗Q ∈ X (T
∗Q) and denote by Xc∗T∗Q, Y
c∗
T∗Q their
complete cotangent lifts and, by V Xc∗T∗Q, V Y
c∗
T∗Q the vertical representatives of
the latter. Following Lie algebra isomorphism hold
V [XT∗Q, YT∗Q]
c∗
=
[
V Xc∗T∗Q, V Y
c∗
T∗Q
]
pro
(68)
where the bracket [, ]pro is defined in Eq.(64).
Remark 20 Eq.(68) extends the isomorphism between vector fields on T ∗Q and
their complete cotangent lifts to an isomorphism
X (T ∗Q)←→ Xc∗ (T ∗Q) ⊂ X (T ∗T ∗Q)←→ V Xc∗ (T ∗Q) ⊂ V T ∗T ∗Q
between complete cotangent lifts and their vertical representatives. Here, V Xc∗ (T ∗Q)
is the space of vertical representatives of cotangent lifts and
V T ∗T ∗Q =ker {TπT∗Q : TT
∗T ∗Q −→TT ∗Q}
is the space of all vertical vectors on T ∗T ∗Q.
Following diagram summarizes the preceeding geometric constructions in
which we are intended to obtain the momentum-Vlasov equations
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T ∗T ∗T ∗Q
dHT∗T∗Q
←−−−−−−−−−−−−−−←−−−−−−−−−−−−−−−
T ∗πT∗Q
T ∗T ∗Q = g♭ ⊕ g∗
Ω♯T∗T∗Q↓ verււXc∗h
↑pr2
TT ∗T ∗Q ver(Π˙id) = 0−−−−−−−−−−−−−−→−−−−−−−−−−−−−−−−→
TπT∗Q ×T∗Q τT∗T∗Q
TT ∗Q×T∗Q T
∗T ∗Q
.
ց V = I −H H ւ
V T ∗T ∗Q⊕HT ∗T ∗Q .
From a physical point of view, if components (Πq(z),Πp(z)) of Πid (z) are
solutions, parametrized by Eulerian coordinates z of particle motion, of the
canonical Hamilton’s equations on T ∗T ∗Q and Xc∗h is tangent to these curves
on fibers, vertical vector fields satisfy the tangency condition without reference
or restrictions to the particle motion on base manifold T ∗Q. The vertical rep-
resentative of Xc∗h (z,Πid) is given by
V Xc∗h (z,Πid) =
(
e (Πp(z) · ∇q)
(
∇qφf (q)
)
−Xh (Πq(z))
)
· ∇Πq
−(
1
m
Πq(z) +Xh (Πp(z))) · ∇Πp , (69)
where we denote the action of Xh on components of Πid by
Xh (Πp(z)) =
1
m
(p · ∇q)Πp(z) − e(∇qφf (q) · ∇p)Πp(z). (70)
The components of the vector field in Eq.(69) are precisely the momentum-
Vlasov equations [24]
Π˙q = −Xh(Πq) + e (Πp · ∇q)
(
∇qφf
)
Π˙p = −Xh(Πp)−
1
m
Πq
given in Eqs.(8) and (9). Being an element of the dual of Lie algebra, Πid and
its time derivative are components of one-forms in momentum-Vlasov equations
whereas, in Eq.(69) they appear as components of vector fields. To make the
connection between Eqs.(8), (9) and (69) precise we need the concept of vertical
lift of one-forms.
Consider the cotangent lift T ∗πT∗Q : T
∗T ∗Q → T ∗T ∗T ∗Q of the projec-
tion πT∗Q : T
∗T ∗Q → T ∗Q and recall the musical isomorphism Ω♯T∗T∗Q :
T ∗T ∗T ∗Q → TT ∗T ∗Q associated with the symplectic two-form ΩT∗T∗Q on the
cotangent bundle T ∗T ∗Q. For π ∈ T ∗T ∗Q define the Euler vector field
XE : T
∗T ∗Q → TT ∗T ∗Q : π → Ω♯T∗T∗Q ◦ T
∗πT∗Q (π) , (71)
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which is a vertical vector field, that is, Im (XE) ⊂ ker (TπT∗Q) . Define the
vertical lift of a one-from π on T ∗Q to be the vertical vector field
ver (π) = XE ◦ π ◦ πT∗Q : T
∗T ∗Q → TT ∗T ∗Q (72)
on T ∗T ∗Q. In coordinates, the vertical lift of π = piq (z) · dq + pip (z) · dp is
ver (π) = piq (z) ·∇Πq+pip (z) ·∇Πp . Now, if we take π = Π˙id = Π˙q ·dq+Π˙p ·dp
then the exact relation between Eqs.(8), (9) and (69) can be expressed by
Proposition 21 Let Π˙id = Π˙q ·dq+Π˙p ·dp be a one-form on T
∗Q representing
time evolution of components of Πid. Then, the momentum-Vlasov equations
can be written as
ver
(
Π˙id
)
= V Xc∗h (z,Πid) (73)
where the right hand side refers to Eqs.(8) and (9).
Thus, we show that the momentum-Vlasov equations are generated by the
vertical representative of complete cotangent lift of particle motion on T ∗Q.
The result in Proposition 19 shows that this process of lifting particle motion
preserves algebraic structures.
3.4 Lie-Poisson Hamiltonian operator
We shall relate the geometric construction of the previous subsection to Lie-
Poisson structure. The Lie algebra g acts on g∗ by coadjoint action given by
the Lie derivative ad∗Xk = LXk . The vertical lift ver(−ad
∗
Xk
) of generator of
coadjoint action is a vector field tangent to the fiber coordinates (Πq,Πp)
of g∗ ⊂ T ∗T ∗Q and coincides with the right hand side of Eq.(73), namely,
ver(−ad∗Xk (Πid)) = V X
c∗
h (z,Πid). This observation leads us to connect a Lie
algebra element, that is, generator of particle motion, to corresponding genera-
tor of coadjoint action. This connection is provided by an operator associated
to the Lie-Poisson structure on the dual space g∗. Recall that g∗ is a Poisson
manifold with the Lie-Poisson bracket in Eq.(5) which may be written as
{K,H}LP =
∫
δK
δΠid
· JLP (Πid)
δH
δΠid
dµ
for the Hamiltonian operator
JLP (Πid) = −

 Πi
∂
∂qj
+
∂
∂qi
· Πj Π
i ∂
∂qj
+
∂
∂pi
·Πj
Πi
∂
∂pj
+
∂
∂qi
· Πj Πi
∂
∂pj
+
∂
∂pi
· Πj

 (74)
and for ∂
∂qj
·Πj =
∂Πj
∂qj
+Πj
∂
∂qj
etc [24]. As the derivative δK/δΠid is in the Lie
algebra g, the operator JLP (Πid) may be considered to be a map
JLP (Πid) : g −→ (ad
∗
g
: g∗ → g∗) = End(g∗)
: Xh −→ JLP (Πid)(Xh) = ver(−ad
∗
Xh
(Πid))
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taking a generator Xh in the Lie algebra g to the corresponding generator
ver(−ad∗Xh) of coadjoint action. Note that JLP (Πid) is a map from the tan-
gent space TT ∗Q to TT ∗T ∗Q both of which are Tulczyjew. Considering the
representation
Π˙id = JLP (Πid)
δH
δΠid
(75)
of momentum-Vlasov equations on g∗ with δH/δΠid = Xh, we conclude that,
the whole geometric process we described to obtain the momentum-Vlasov equa-
tions from the generators of particle motion is encoded in JLP (Πid) as
 Lie-PoissonHamiltonian
operator at Xh

 = ( vertical
equivalence
)
◦

 completecotangent
lift of Xh


and this represents a geometric decomposition of Lie-Poisson Hamiltonian oper-
ators. It also suggests a way to construct Lie-Poisson operator directly from an
arbitrary Lie algebra element [13]. This is the way we shall relate the algebra
of Hamiltonian vector fields to the algebra of strict contact vector fields in the
next section.
Remark 22 The Hamiltonian operator JLP (Πid) on g
∗ transforms into the
Hamiltonian operator
JLP (f) = ∇pf · ∇q −∇qf · ∇p (76)
for the Vlasov equations in density variable on the space Den(T ∗Q) of densities
under the correspondence in Eq.(10).
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4 Moments of Momentum-Vlasov Dynamics
The space TQ of all symmetric contravariant tensor fields on a manifold Q car-
ries a Lie algebra structure called Schouten concomitant (symmetric Schouten
braket) [25],[56],[30]. The dual T∗Q of the algebra TQ consists of the symmetric
covariant tensor fields and carries Kuperschmidt-Manin Lie-Poisson structure,
[20]. In [21] and [63], it was argued that, the kinetic moments of plasma density
function f may be considered as elements of T∗Q and, it is established that,
the operation taking the plasma density f to the moments of the dynamics is a
Poisson mapping which is the dual of a Lie algebra homomorphism from TQ to
F (T ∗Q).
In this section, we first review the Schouten algebra of symmetric contravari-
ant tensors. Then, we will define a Lie algebra homomorphism from the algebra
TQ of symmetric contravariant tensor fields to the algebra Xham (T
∗Q) = g
of Hamiltonian vector fields as a generalization of the complete cotangent lift
introduced above. We will obtain the moments of momentum-Vlasov dynamics.
Finally, we will consider some subalgebras of TQ, and derive plasma-to-fluid
map in terms of momentum variables.
4.1 Schouten concomitant
The direct product TQ = ⊕∞n=0T
nQ of spaces TnQ of symmetric contravariant
tensor fields on a manifold Q of all orders constitutes a vector space. In a local
coordinate system
(
qi
)
, an element of TQ is in form
X =
∞⊕
n=0
X
n =
∞⊕
n=0
X
i1i2...in (q) ∂qi1 ⊗ ...⊗ ∂qin , (77)
where Xn ∈ TnQ is a symmetric contravariant tensor field of order n and
X i1i2...in (q) are the real valued coefficient functions. The dual T∗Q of TQ
is the direct sum ⊕∞n=0TnQ of symmetric covariant tensor fields TnQ of all
orders. In coordinates
(
qi
)
, an element of T∗Q is given by
A =
∞⊕
n=0
An =
∞⊕
n=0
Ai1i2...in (q) dq
i1 ⊗ ...⊗ dqin ,
where An ∈ TnQ is a symmetric covariant tensor field of order n. The pairing
between T∗Q and TQ is
〈A,X〉 =
∞∑
n=0
〈An,Xn〉 =
∞∑
n=0
∫
Ai1i2...in (q)X
i1i2...in (q) dq. (78)
If Xn, Ym and Zn+m−1 are contravariant tensor fields of orders n, m and
n+m− 1, respectively, the Schouten concomitant
[X,Y]SC =
∞⊕
n=0
∞⊕
m=0
[Xn,Ym]SC =
∞⊕
n=0
∞⊕
m=0
Z
n+m−1 (79)
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defines a Lie algebra structure on the space TQ [56], [30], [63]. The coefficient
functions of Zn+m−1 in terms of those of Xn and Ym are
Z
i1...in+m−1 = nXim+1...im+n−1l
∂Yi1...im
∂ql
−mYin+1...in+m−1l
∂Xi1i2...in
∂ql
.
4.2 Generalized complete cotangent lift
Let Xn be a (not necessarily symmetric) contravariant tensor field of order n.
Due to the canonical inclusion TnQ →֒ Tn(T ∗Q), we may assume Xn as a tensor
on the cotangent bundle T ∗Q. We define a mapping
TnQ → F (T ∗Q) : Xn → HXn = θ
n
T∗Q (X
n) (80)
from TnQ to the space F (T ∗Q) of smooth functions on T ∗Q, by contracting a
contravariant tensor Xn ∈ T
nQ with n-th tensor power θnT∗Q = θT∗Q⊗...⊗θT∗Q
of the canonical one-form θT∗Q. Then, define the generalized complete cotangent
lift
c∗ : TnQ → Xham (T
∗Q) : Xn → (Xn)c∗ = XHXn (81)
as an operation taking a contravariant tensor field Xn on Q to a Hamiltonian
vector field (Xn)c∗ corresponding to the Hamiltonian function HXn = iXnθ
n
T∗Q,
[49]. In Darboux’s coordinates (q, p), the Hamiltonian function HXn is a poly-
nomial in the fiber variables of T ∗Q
HXn (q,p) = pi1pi2 ...pinX
i1i2...in (q) (82)
and the complete cotengent lift is
(Xn)
c∗
= npi1pi2 ...pin−1X
i1...in−1l∂ql − pi1pi2 ...pin
∂Xi1i2...in
∂ql
∂pl .
We further enhance the operations given in Eqs.(80) and (81) to the product
space TQ as follows. For X =⊕Xn ∈ TQ define the function HX on T
∗Q as the
sum
TQ → F (T ∗Q) : X→ HX =
∞∑
n=0
HXn , (83)
[12]. This infinite sum may be considered as the Taylor expansion of the func-
tion HX in terms of p−polynomials. A straight forward calculation proves the
following proposition.
Proposition 23 The map X → HX is a Lie algebra anti-homomorphism, that
is
H[X,Y]SC = −{HX, HY}T∗Q ,
where the bracket on the left hand side is the Schouten concomitant of covariant
tensors and the bracket on the right hand side is the canonical Poisson bracket
of functions on T ∗Q. In particular, one has
H[Xn,Ym]SC = −{HXn , HYm}T∗Q ,
where [Xn,Ym]SC ∈ T
n+m−1Q.
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For the generalized complete cotangent lift
c∗ : TQ → Xham (T
∗Q) : X =
∞⊕
n=0
X
n → Xc∗ =
∞∑
n=0
(Xn)
c∗
, (84)
we use the identity [XF , XG] = −X{F,G}T∗Q and the above proposition to have
[Xc∗,Yc∗] = [XHX , XHY ] = −X{HX,HY}T∗Q = XH[X,Y]SC = [X,Y]
c∗
SC ,
which enables us to state the following result.
Proposition 24 The generalized complete cotangent lift in Eq.(84) is a Lie
algebra isomorphism into X→ Xc∗ : TQ→ g
[X,Y]
c∗
SC = [X
c∗,Yc∗]JL , (85)
where [ , ]SC is the Schouten concomitant of tensor fields in Eq.(79) and [ , ]JL
is the Jacobi-Lie bracket of vector fields.
4.3 Moments of momentum variables
The dual map Φ : g∗ → T∗Q of the homomorphism X → Xc∗ is a momentum
and Poisson mapping. To compute it, take Πid = Πq · dq +Πp · dp ∈ g
∗, then
the dual operation is
Φ (Πid) =
∞⊕
n=0
∫ (
θn−1T∗Q ⊗ ϑ
)
d3p, (86)
where θn−1T∗Q is the (n− 1)-th tensor power of the canonical one form θT∗Q and
ϑ is a one-form on T ∗Q given explicitly by
ϑ (q,p) = (nΠq + (∇qΠp)p) · dq
The image of Πid under the dual map Φ consists of moments of the momentum-
Vlasov dynamics. Namely, the n−th moment of Πid is given by
An =
∫ (
θn−1T∗Q ⊗ ϑ
)
d3p.
In particular, for one dimensional plasma, using the momentum map
g∗ → F (T ∗Q) : Πid → f (q, p)
in Eq.(10) we have the kinetic moments
An =
∫
pnf (q, p)dp
of the Vlasov density [40]. The following proposition argues that the moments
are Poisson maps [20].
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Proposition 25 The kinetic moments in Eq.(86) is a Poisson map from the
Lie-Poisson bracket on g∗ to the Kuperschmidt-Manin bracket on T∗Q.
To prove this, take a linear functional FX on T
∗Q of the form
FX (A) = 〈A,X〉 =
∞∑
n=0
〈An,Xn〉 =
∞∑
n=0
∫
Ai1i2...in (q)X
i1i2...in (q) d3q.
Its variation is δFX/δA = X. The pull-back Φ
∗FX of FX to g
∗ by the momentum
map Φ in Eq.(86) gives
(Φ∗FX) (Πid) =
∞∑
n=0
∫∫
npi1pi2 ...pin−1
(
Πin + pin
∂Πl
∂ql
)
X
i1i2...in (q) d3qd3p.
and the variation of this with respect to its argument Πid is
δ (Φ∗FX)
δΠid
=
(
δ (Φ∗FX)
δΠq
,
δ (Φ∗FX)
δΠp
)
= XHX = X
c∗,
where XHX is the Hamiltonian vector field corresponding to the Hamiltonian
function HX in Eq.(83). The Lie-Poisson bracket on g
∗ is
{Φ∗FX,Φ
∗FY}g∗ (Πid) =
∫∫
Πid · [
δΦ∗FX
δΠid
,
δΦ∗FY
δΠid
]d3pd3q, (87)
where the bracket inside the integral is minus the Jacobi-Lie bracket of vector
fields satisfying [
δ (Φ∗FX)
δΠid
,
δ (Φ∗FY)
δΠid
]
= X{HX,HY}.
On T∗Q, the Kuperscmidt-Manin bracket is given by
{FX,FY}KM =
∫ 〈
A, [
δFX
δA
,
δFY
δA
]SC
〉
d3q (88)
where the bracket inside the integral is the Schouten concomitant and the pairing
inside the integral is the one in Eq.(78) [20]. The fact that Φ∗ is a Poisson map
Φ∗ {FX,FY}KM = {Φ
∗FX,Φ
∗FY}g∗
follows from direct substitutions.
4.4 Plasma-to-fluid map in momentum variables
The Lie algebra structure on TQ defined by the Schouten concomitant has
only three subalgebras; the space of smooth functions T0Q = F (Q) , the space
of vector fields T1Q = X (Q) and X (Q) × F (Q). For the subalgebra F (Q) ,
Schouten concomitant reduces to the trivial Poisson bracket of functions on Q.
The Lie algebra homomorphism in Eq.(85) takes the particular form φ → Xφ,
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where Xφ = −∇qφ · ∇p is the infinitesimal generator of the action (q,p) →
(q,p−∇qφ) of additive group of functions F(Q) on T
∗Q by momentum trans-
lations. For the subalgebra X (Q), the concomitant reduces to the Jacobi-Lie
bracket of vector fields and the homomorphism in Eq.(85) reduces to the identity
[X,Y ]
c∗
JL = [X
c∗, Y c∗]JL , whereX
c∗ = X·∇q−∇q (p · ∇qφ)·∇p is the complete
cotangent lift of the vector field X = X · ∇q. The lift X
c∗ is an infinitesimal
generator of the right action of diffeomorphism group on T ∗Q.
On the third subalgebra X (Q)×F (Q), the Schouten concomitant, for X =
(X,φ) and Y = (Y, ζ) ∈ X (Q)×F (Q) gives
[X,Y]SC = ([X,Y ] , X (ζ)− Y (φ)) , (89)
which turns X (Q)×F (Q) into a semi-direct product algebra s = X (Q)sF (Q)
with the first factor acting on the second by Lie derivative. Namely, X (ζ) is
the directional derivative of ζ in the direction of X and [X,Y ] is the Jacobi-Lie
bracket of vector fields X and Y . This semi-direct product algebra is the Lie
algebra of the group S = Diff (Q)sF (Q) which is the configuration space of
compressible fluid. The dual space s∗ = Λ1 (Q) × F (Q) of the Lie algebra s is
the product of one-forms and functions (identified with three-forms) on Q. The
Lie-Poisson structure on s∗ is defined by
{F,G}
s∗
(ρ,M) =
∫
M · [
δF
δM
,
δG
δM
]dq
+
∫
ρ
(
δG
δM
·
(
∇q
δF
δρ
)
−
δF
δM
·
(
∇q
δG
δρ
))
dq (90)
and is known as the compressible fluid bracket. Here (M =M · dq,ρ) ∈ s∗ and
it is assumed that δF/δM, δG/δM ∈ X (Q).
The complete cotangent lift from the semi-direct product to the Lie algebra
of Hamiltonian vector fields
s→ g : X = (φ,X)→ Xc∗ = Xc∗ +Xφ
is the sum of Xc∗ and Xφ. X
c∗ is the Hamiltonian vector field
X
c∗ = X i
∂
∂qi
−
(
pi
∂X i
∂qj
+
∂φ
∂qj
)
∂
∂pj
on T ∗Q with the Hamiltonian function HX (p,q) = p ·X+ φ (q) . In this case,
the dual map
Φ : g∗ → s∗ : Πid → (ρ,M)
of generalized complete cotangent lift X → Xc∗ is the first two moments of the
momentum-Vlasov variables
ρ (q) =
∫
(∇q ·Πp) d
3p, M =
∫
(Πq + p (∇q ·Πp))d
3p (91)
and is the plasma-to-fluid map in the momentum variables Πid. By direct
calculation, one can check that
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Proposition 26 The mapping in Eq.(91) is a momentum and a Poisson map
from the momentum-Vlasov dynamics on g∗ to the compresible fluid dynamics
on s∗.
The substitution g∗ → F (T ∗Q) : Πid → f (q,p) in Eq.(10) gives the usual
plasma-to-fluid map (for M =ρv )
f (q,p) 7→ (ρ(q) =
∫
f (q,p) d3p, v(q) =
∫
pf (q,p) d3p)
in density variable as described in [40].
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5 Quantomorphisms for 1D Plasma
Recall that Hamiltonian function of a Hamiltonian vector field is only deter-
mined up to an additive constant. Based on this and with reference to the work
of Van Hove in [77], it was already (foot-)noted in [38] that the correct config-
uration space for the Maxwell-Vlasov equations is the group of transformations
of R6×R preserving the one-form p ·dq+ds. This is the group of strict contact
transformations. In [57] it was shown how certain geometric constructions un-
derlying Vlasov-type equations require the use of strict contact transformations,
also known as quantomorphisms. In particular, group of quantomorphisms was
used in [19] in order to cast Euler’s fluid equations on a geometric footing. In
this section, we shall indicate, for the simplest case of one-dimensional plasma,
relations between Vlasov dynamics and coadjoint motion on dual of Lie algebra
of group of quantomorphisms in three-dimensions. Our discussion will be based
on comparisons of the results obtained in section 3 for dynamics of plasma parti-
cles and, in [13] for dynamics of particles moving with contact diffeomorphisms,
within the general framework outlined in, for example, [18]. See also [3], [5],
[42], [35] for ingredients from contact geometry and [52], [53], [78], [79] for group
of quantomorphisms.
5.1 Lie algebra of infinitesimal quantomorphisms
Let P be a three dimensional manifold with a contact form σ ∈ Λ1 (P) sat-
isfying dσ ∧ σ 6= 0. The kernel of σ determines a contact structure on P . A
diffeomorphism on P is called a contact diffeomorphism if it preserves the con-
tact structure. We denote the group of contact diffeomorphisms by
Diffcon (P) = {ϕ ∈ Diff (P) : ϕ
∗σ = λσ, λ ∈ F (P)} .
In Darboux’s coordinates (q, p, s) on P , we take the contact form to be σ =
pdq−ds. A vector field on the contact manifold (P , σ) is a contact vector field if
it generates one-parameter group of contact diffeomorphisms [3],[42]. We denote
the space of contact vector fields by
Xcon (P) =
{
X ∈ X (P) : LXσ = λ¯σ, λ¯ ∈ F (P)
}
. (92)
For each real valued function H = H (q, p, s) on P , there corresponds a
contact vector field
XH =
∂H
∂p
∂
∂q
−
(
∂H
∂q
+ p
∂H
∂s
)
∂
∂p
+
(
p
∂H
∂p
−H
)
∂
∂s
(93)
on P satisfying the identities
iXHσ = H iXHdσ = (iRσdH)σ − dH, (94)
where Rσ = −∂/∂s is the Reeb vector field of σ. Rσ is the unique vector field
satisfying iRσσ = 1 and iRσdσ = 0. The divergence divdµXH of XH with respect
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to the contact volume form dµ = dσ ∧ σ can be computed to be divdµXH =
2RσH . Cartan’s formula LXH = diXH + iXHd and Eq.(94) imply that the
coefficient functions λ¯ in Eq.(92) must be of the form λ¯ (q, p, s) = iRσdH , that
is,
LXHσ = (iRσdH)σ.
Contact Poisson (or Lagrange) bracket
{K,H}c =
∂H
∂p
∂K
∂q
−
∂H
∂q
∂K
∂p
+
∂K
∂s
(
p
∂H
∂p
−H
)
+
∂H
∂s
(
K − p
∂K
∂p
)
, (95)
of two smooth functions H and K on P induces a Lie algebra structure on
F (P). The identity − [XK , XH ]JL = X{K,H}c establishes the isomorphism
(Xcon (P) ,− [ , ]JL)←→ (F (P) , { , }c) (96)
between the Lie algebras of functions and contact vector fields. Here, [ , ]JL is
the Jacobi-Lie bracket of vector fields.
An element ϕ ∈ Diffcon (P) is called a strict contact transformation or a
quantomorphism if ϕ∗σ = σ. We denote the group of quantomorphisms by
Diff stcon (P) . The Lie algebra of Diff
st
con (P) is
Xstcon (P) = {XH ∈ Xcon (P) : LXHσ = 0}
which requires, for elements of Xstcon (P) , the condition λ¯ = iRσdH = 0 on the
function H . This gives ∂H/∂s = 0. Hence, functions associated to elements of
the Lie algebra Xstcon (P) are independent of the last coordinate in (q, p, s) . This
condition reduces the Lagrange bracket in Eq.(95) to the nondegenerate Poisson
bracket
{K,H}T∗Q =
∂H
∂p
∂K
∂q
−
∂H
∂q
∂K
∂p
(97)
on a two dimensional cotangent bundle T ∗Q with local coordinates (q, p).
Thus, we are led to consider the principal circle bundle
S1  (P , σ)
pr
−→ (T ∗Q,ΩT∗Q), (98)
which is the so called quantization bundle of the symplectic manifold (T ∗Q,ΩT∗Q),
with σ = pr∗θT∗Q−ds where θT∗Q = pdq is the Liouville one-form on T
∗Q and
pr∗ΩT∗Q = dσ [18]. Since dimQ = 1, T
∗Q is the phase space of one-dimensional
plasma particles. The contact form σ may be regarded as a connection one-form
on P → T ∗Q. With respect to this, the horizontal lift of a vector field X on
T ∗Q to a vector field on P is locally given by
X → Xhor = X + σ (X)
∂
∂s
.
For a Hamiltonian vector field Xh, the vector field
Xsth = X
hor
h + (h ◦ pr)Rσ (99)
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is an infinitesimal quantomorphism, that is, an element of Xstcon (P). Here, we
regard h to be restriction of a function H on P associated to a strict contact
vector field. In Darboux’s coordinate, we have
Xsth =
∂h
∂p
∂
∂q
−
∂h
∂q
∂
∂p
+
(
p
∂h
∂p
− h
)
∂
∂s
which can be obtained from the contact vector field in Eq.(93) by imposing the
condition h (q, p) = H (q, p, s = 0) . The equality[
Xsth , X
st
k
]
JL
= [Xh, Xk]
st
JL = −X
st
{h,k}
reduces the isomorphism in (96) to(
Xstcon (P) ,− [ , ]JL
)
←→
(
F (T ∗Q) , { , }T∗Q
)
←→ (Xham (T
∗Q)× R,− [ , ]JL)
(100)
establishing, at the first step, the isomorphism between the Lie algebra of in-
finitesimal quantomorphisms on P and the Poisson bracket algebra of functions
on T ∗Q and, at the second step, the isomorhism of Poisson bracket algebra to
the Lie algebra of central extension of Hamiltonian vector fields [26], [19], [17].
Remark 27 The group of quantomorphisms coincide with the automorphism
group of the quantization bundle (98). An automorphism of a principal S−bundle
P −→M is a diffeomorphism of P equivariant with respect to the action of the
structure group S. If Φ : P −→ P is such a diffeomorphism, then it induces
a diffeomorphism ϕ : M−→M of the base manifold via pr ◦ Φ = ϕ ◦ pr. If
we take P to be the trivial bundle S ×M then the group Aut(S ×M) of au-
tomorphisms is isomorphic to Diff(M)sGau(S ×M) and the automorphism
algebra is aut(S ×M) ≃ X (M)sF (M, s) where F (M, s) is the space of s−
valued functions on M [16]. Restricting to contact automorphisms of the circle
bundle above one arrives at the central extension Xham (T
∗Q)sR.
5.2 Kinetic equations of contact particles
Proposition 28 The dual space X∗con (P) of the algebra Xcon (P) of contact
vector fields is
X∗con (P) =
{
Γ⊗ dµ ∈ Λ1 (P)⊗Den (P) : dΓ ∧ σ − 2Γ ∧ dσ 6= 0
}
(101)
where σ is the contact form and dµ = dσ ∧ σ is the contact volume form on P.
Proof. This follows from the requirement that the pairing between Xcon (P) and
X∗con (P) be nondegenerate. We compute∫
P
〈Γ, XH〉P dµ =
∫
P
Γ ∧ iXHdµ
=
∫
P
Γ ∧ (iXHdσ) ∧ σ +
∫
P
(iXHσ) Γ ∧ dσ
=
∫
P
Γ ∧ ((iRσdH)σ − dH) ∧ σ +
∫
P
HΓ ∧ dσ
=
∫
P
H (2Γ ∧ dσ − dΓ ∧ σ) , (102)
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where we used identities in Eq.(94) and integration by parts and, omit divergence
terms.
The coadjoint action of Xcon (P) on X
∗
con (P) is given by
ad∗XH (Γ⊗ dµ) = (LXHΓ + (divdµXK) Γ)⊗ dµ (103)
and the Lie-Poisson bracket on X∗con (P) is
{K,H} (Γ) = −
∫
P
〈
Γ,
[
δK
δΓ
,
δH
δΓ
]
JL
〉
P
dµ = −
∫
P
〈Γ, [XK , XH ]JL〉P dµ,
(104)
where K,H are functionals on X∗con (P) and we assume the reflexivity condition
δK/δΓ = XK , δH/δΓ = XH ∈ Xcon (P). The Hamiltonian operator JLP (Γ)
associated to the Lie-Poisson bracket in Eq.(104) is defined as [50]
{K,H} (Γ) =
∫
P
〈XK , JLP (Γ)XH〉P dµ. (105)
and the Lie-Poisson equations on X∗con (P) take the form
Γ˙ = JLP (Γ)XH = −ad
∗
XHΓ = −LXHΓ− (divdµXH) Γ. (106)
Proposition 29 The Hamiltonian differential operator associated to the Lie-
Poisson bracket in Eq.(104) is
JLP (Γ) = −


Γq
∂
∂q
+
∂
∂q
· Γq Γp
∂
∂q
+
∂
∂p
· Γq Γs
∂
∂q
+
∂
∂s
· Γq
Γq
∂
∂p
+
∂
∂q
· Γp Γp
∂
∂p
+
∂
∂p
· Γp Γs
∂
∂p
+
∂
∂s
· Γp
Γq
∂
∂s
+
∂
∂q
· Γs Γp
∂
∂s
+
∂
∂p
· Γs Γs
∂
∂s
+
∂
∂s
· Γs

 , (107)
where ∂/∂q · Γp = Γp∂/∂q + ∂Γp/∂q, etc.
In local coordinates (q, p, s,Γq,Γp,Γs) on T
∗P , the kinetic equations (106)
of contact particles take the form
Γ˙q = −XH (Γq) + (A+ Γs)
∂H
∂q
+ 2
∂H
∂s
Γq
Γ˙p = −XH (Γp) +A
∂H
∂p
+ 3
∂H
∂s
Γp
Γ˙s = −XH (Γs) +A
∂H
∂s
+ 3
∂H
∂s
Γs, (108)
where A stands for the linear differential operator
A = Γp
∂
∂q
− Γq
∂
∂p
+ pΓp
∂
∂s
− pΓs
∂
∂p
. (109)
36
With respect to L2-pairing, the dual space of the Lie algebra (F (P) , { , }c)
is the space of densities Den (P). Using the Lie algebra isomorphism
F (P)→ Xcon (P) : F → XF , (110)
the definition of an element of Den (P) can be obtained from the dual map
X∗con (P)→ Den (P) : Γ⊗ dµ→ 2Γ ∧ dσ − dΓ ∧ σ (111)
and defines a real valued function F on P by
Fdµ = 2Γ ∧ dσ − dΓ ∧ σ. (112)
This is the density of particles moving individually with the right action of
contact diffeomorphisms. In coordinates, we let Γ = Γqdq + Γpdp + Γsds and
recall that dµ = dq ∧ dp ∧ ds. Then, the density function of contact particles
with momentum coordinates Γ⊗ dµ ∈ X∗con (P) becomes
F (q, p, s) =
∂Γp
∂q
−
∂Γq
∂p
+ p
∂Γs
∂p
+ p
∂Γp
∂s
− 2Γs. (113)
With this definition, the Lie-Poisson bracket in Eq.(104) reduces to the one
{K,H} (F ) =
∫
P
F
{
δK
δF
,
δH
δF
}
c
dµ =
∫
P
KJLP (F )Hdµ, (114)
onDen (P), where we assume δH/δF = H, δK/δF = K ∈ F (P) . Here, JLP (F )
is the Hamiltonian operator for the Lie-Poisson bracket.
Proposition 30 The Lie-Poisson equation on Den (P) ≃ X∗con (P), as kinetic
equation of contact particles, is
F˙ = −ad∗HF = JLP (F )H = {H,F}c − 2divdµ (XH)F (115)
where the Hamiltonian operator JLP (F ) is
JLP (F ) = XF + 4F
∂
∂s
+
∂F
∂s
. (116)
Proof. The coadjoint action is computed from
〈ad∗HF,K〉 = 〈F, adHK〉 = 〈F, {H,K}c〉
=
∫
P
F {H,K}c dµ = −
∫
P
F
(
XH (K) +
∂H
∂s
K
)
dµ (117)
=
∫
P
(
XH (F ) + divdµ (XH)F −
∂H
∂s
F
)
Kdµ
=
∫
P
(
{F,H}c + divdµ (XH)F − 2
∂H
∂s
F
)
Kdµ
=
∫
P
({F,H}c + 2divdµ (XH)F )Kdµ, (118)
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where we used integration by parts at the third line and the identities
{H,K}c = XK (H) +
∂K
∂s
H = −XH (K)−
∂H
∂s
K (119)
at the second and fourth lines. We single out H in the expression
ad∗HF = {F,H}c + 2divdµ (XH)F, (120)
to find the Hamiltonian operator JLP (F ). The verification of Hamilton’s equa-
tion Eq.(115) is a straightforward calculation which follows directly from the
Lie-Poisson in Eq.(108) together with the definition (113) of F .
5.3 Quantomorphisms and momentum-Vlasov equations
We shall obtain kinetic equations of a continuum consisting of particles in
P ⊂ R3 moving under the right action of quantomorphisms. We shall do this by
restricting the Lie-Poisson equations for contact particles to strict contact trans-
formations. We shall establish, with a proper choice of Hamiltonian functional,
the equivalence of kinetic equations of quantomorphic particles in momentum
and density variables to the momentum-Vlasov and the Vlasov equations for
one-dimensional plasma.
Coadjoint action of Xstcon (P) on (X
st
con (P))
∗
is
adXst
h
(Γ⊗ dµ) = LXst
h
Γ⊗ dµ
because divdµX
st
h = 0, ∀X
st
h ∈ X
st
con (P) . Accordingly, the Lie-Poisson equations
for momentum variables Γ ∈ (Xstcon (P))
∗
become
Γ˙q = −X
st
h (Γq) +
(
A˜+ Γs
) ∂h
∂q
Γ˙p = −X
st
h (Γp) + A˜
∂h
∂p
Γ˙s = −X
st
h (Γs) , (121)
where A˜ stands for the linear differential operator
A˜ = Γp
∂
∂q
− Γq
∂
∂p
− pΓs
∂
∂p
.
Using techniques of previous sections the following can readily be verified
Proposition 31 The complete cotangent lift (Xsth )
c∗
of an infinitesimal quan-
tomorphism is
(
Xsth
)c∗
= Xsth +
(
A˜+ Γs
) ∂h
∂q
∂
∂Γq
+ A˜
∂h
∂p
∂
∂Γp
and the kinetic equation (121) of quantomorphic particles can be written as
ver
(
Γ˙
)
= V
(
Xsth
)c∗
.
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Remark 32 Eq.(121) is a system of first order pde for three unkown functions
of essentially two variables (q, p) because s dependence of the one-form Γ cannot
be determined from these equations. That means, suppressing s dependence, the
flow defined by Eq.(121) is actually two dimensional.
The density function of quantomorphic particles may be obtained as for
density of contact particles. In this case, since components ofXsth is independent
of fiber variable s we get
f (q, p) =
∫
F (q, p, s) ds (122)
where F (q, p, s) is given by Eq.(113).
To relate the quantomorphisms to plasma motion, we will use the Lie algebra
isomorphism into Xham (T
∗Q)→ Xstcon (P) given in Eq.(99). The dual of this is
the momentum map
Jq :
(
Xstcon (P)
)∗
→ X∗ham (T
∗Q) : Γqdq + Γpdp+ Γsds→ Πqdq +Πpdp
defined as 〈Jq (Γ) , Xh〉 = 〈Γ, X
st
h 〉 and is given by
Πq (q, p) =
∫
Γq (q, p, s) ds, Πp (q, p) =
∫
Γp (q, p, s)ds, Γs = 0 (123)
for which the Lie-Poisson equations (121) reduces to
Π˙q = −Xh (Πq) + Πp
∂2h
∂q2
−Πq
∂2h
∂q∂p
Π˙p = −Xh (Πp) + Πp
∂2h
∂q∂p
−Πq
∂2h
∂p2
. (124)
In particular, choosing h (q, p) = p2/2m + eφ (q) we obtain the momentum-
Vlasov equations for one-dimensional plasma. The density variable defined
by Eq.(122) reduces the Lie-Poisson equation (106) to one-dimensional Vlasov
equation.
5.4 Hierarachy of Eulerian equations
One can now expand on the relation between the Poisson-Vlasov equations and
the Euler equations of compressible fluid given by the plasma-to-fluid map.
Combining this with the results of previous sections, we have the following
diagram relating various kinetic and fluid theories
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Configuration Space Lie Algebra Dual Space
Diff (Q)sF (Q) X (Q)sF (Q) Λ1 (Q)×F (Q)
↓ cotangent lift ↓ cotangent lift ↑ plasma to fluid
Diffcan (T
∗Q) Xham (T
∗Q) = g Λ1 (T ∗Q) /dF (T ∗Q)
↓ horizontal lift ↓ homomorphism ↑ quanto to plasma
Diff stcon (T
∗Q× R) Xstcon (T
∗Q× R) Λstcon (T
∗Q× R)
↓ inclusion ↓ inclusion ↑ contacto to quanto
Diffcon (T
∗Q× R) Xcon (T
∗Q× R) Λcon (T
∗Q× R)
In addition, the Poisson map generated by the action of semi-direct product
Diff(Q)sF(Q) reduces the Maxwell-Vlasov equations to the Euler-Maxwell
equations. In the limit that the speed of light tends to infinity, these equa-
tions become the Poisson-Vlasov and compressible fluid equations, respectively.
Elimination of the electric field in Euler-Maxwell equations results in the mag-
netohydrodynamics equations [40].
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6 Gauge Symmetries and Poisson Equation
The general theory of reduction implies that constraints on Eulerian dynamics
can be described as momentum map associated to some gauge symmetries of
the underlying geometric structure. For the Maxwell-Vlasov system the non-
evolutionaryMaxwell equations come out as constraints resulting from the gauge
symmetries of the electromagnetic field [38]. In this section, following the ref-
erence [24], we describe the Poisson equation as a momentum map associated
with the gauge symmetry F(Q) of Hamiltonian dynamics on phase space T ∗Q
of particle motion. Such a description is possible only if we consider the semi-
direct product space F(Q)sDiffcan(T
∗Q), where F(Q) acts on Diffcan(T
∗Q)
by composition on right. In obtaining Poisson equation, we rely necessarily on
the fact that the dual of Lie algebra isomorphism into is a momentum map [22],
[37] because the Lie algebra bracket on dF(Q), or equivalently, the Lie-Poisson
bracket on the dual Λ2(Q) is trivial.
6.1 Actions of F(Q)
The canonical symplectic structure on T ∗Q is invariant under the translation
of fiber variable by an exact one-form over Q. This is the gauge transformation
of canonical Hamiltonian formalism. More precisely, let F(Q) be the additive
group of functions on Q. Define the Lie algebra of F(Q) to be the space dF(Q)
of exact one-forms on Q. F(Q) acts on T ∗Q by momentum translation p →
p−∇qφ (q) for φ ∈ F(Q). The generator is given by the vertical lift
Xφ (q,p) = −∇qφ (q) · ∇p = ver (−dφ) (q,p) (125)
of the one-form dφ. This is a Hamiltonian vector on T ∗qQ with the Hamiltonian
function φ regarded as an element of F(T ∗Q).
F (Q) acts on TT ∗Q by the tangent lift of the fiber translation on T ∗Q. In
coordinates, this action is given by
(z, z˙) = (q,p, q˙, p˙) 7→ (q,p−∇qφ (q) , q˙, p˙−(q˙ · ∇q)∇qφ (q)) (126)
and the generator is the complete tangent lift
Xcφ (z, z˙) = −∇qφ (q) · ∇p − (q˙ · ∇q) (∇qφ (q)) · ∇p˙ (127)
of Xφ. This is also a Hamiltonian vector field on TzT
∗
qQ with respect to the
Tulczyjew symplectic two-form ΩTT∗Q and for the Hamiltonian function
HTT∗Q(z, z˙) = q˙ · ∇qφ (q) . (128)
Moreover, the one forms ϑ1 and ϑ2 in Eqs.(26) and (27) of the special symplectic
structures on TT ∗Q yield
iXc
φ
ϑ1 = HTT∗Q, iXc
φ
ϑ2 = 0 (129)
upon contraction with the generator Xcφ of the lifted action.
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Proposition 33 The additive group F(Q) of functions on Q acts symplectically
on T ∗Q and tensorial objects over T ∗Q.
The induced action of F (Q) on tensorial objects over T ∗Q includes, in
particular, the Tulczyjew symplectic space TT ∗Q. For another example, the
action on T ∗T ∗Q is given by
(q,p,piq,pip)→ (q,p−∇qφ (q) ,piq + (pip · ∇q)∇qφ (q) ,pip) , (130)
whose infinitesimal generator is the complete cotangent lift
Xc∗φ (z,piz) = −∇qφ (q) · ∇p + (pip · ∇q)∇qφ (q) · ∇πq (131)
of Xφ. The lift X
c∗
φ is a Hamiltonian vector field on T
∗T ∗Q with the Hamil-
tonian function HT∗T∗Q(z,pi) = −pip · ∇qφ (q) with respect to the canonical
symplectic two-form ΩT∗T∗Q.
The action on zero-forms, that is, on space F(T ∗Q) of functions is ob-
tained by composition and, the action on top forms, or equivalently, the space
Den(T ∗Q) of densities on T ∗Q will be given by composition of the volume
density function with the fiber translation once we choose the Liouville volume
dµ = Ω3T∗Q as a basis for the space of six-forms.
Xcφ and X
c∗
φ are generators of the action of F (Q) on g = Xham(T
∗Q) and
g∗ ⊂ Λ1(T ∗Q), respectively. As we identified g∗ as the subspace (g∗)♯ of TT ∗Q,
it will be convenient to consider the corresponding generator on this subspace.
Since pi♯ = (−pip,piq), we find
Xcφ (z, z˙) |(g∗)♯ = −∇qφ (q) · ∇p + (pip · ∇q) (∇qφ (q)) · ∇p˙ (132)
and this is Hamiltonian with −pip · ∇qφ (q) with respect to the Tulczyjew sym-
plectic structure.
6.2 Poisson Equations
Having the Hamiltonian actions of gauge group F (Q) on various spaces over
T ∗Q, we can now compute the momentum maps into the dual space Den(Q)
of densities (three-forms) on Q. To this end, we recall that the true configu-
ration space of the Poisson-Vlasov dynamics is the semi-direct product space
F (Q)sDiffcan(T
∗Q) with the action of F (Q) on second factor given by fiber
translation. On the other hand, the Lie algebra of vector fields generating the
Hamiltonian action of F (Q) is commutative. That means, we have a trivial
Lie-Poisson structure for the first factor. So, we first consider a convenient
framework for the adjoint action of F (Q) on its algebra and the corresponding
momentum map [24].
Let Λ1(Q) be the space of one-forms on Q. We regard the algebra dF (Q)
as a subspace of Λ1(Q). We obtain the action on Λ1(Q) by identifying it with
T ∗Q and take the action on dF (Q) to be the one induced from Λ1(Q). Thus,
we have
Λ0(Q)× Λ1(Q)→ Λ1(Q) : (φ (q) ,p·dq) 7→ p·dq− dφ (q) (133)
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where we denote Λ0(Q) ≡ F(Q). From an algebraic point of view, the exte-
rior derivative d : Λ0(Q) → Λ1(Q) can be interpreted as a map describing a
Lie algebra isomorphism (up to addition of constants) of the additive algebra of
functions F(Q) into the additive algebra of one-forms Λ1(Q) [23]. We define the
dual spaces of dF(Q) ⊂ Λ1(Q) and Λ0(Q) to be the space of two forms Λ2(Q)
and the space Den(Q) of densities (three-forms), respectively. The additive
algebras dF(Q) and Λ0(Q) can be identified with their duals by the Hodge du-
ality operator ∗ associated to a Riemannian metric on Q. Then, the L2−pairing
between them becomes
〈∗dφ, dφ〉 = −
∫
φd ∗ dφ, 〈∗φ, φ〉 =
∫
φ2 ∗ 1 (134)
the first of which is non-degenerate for functions satisfying d ∗ dφ 6= 0. We can
now compute the momentum map
JF(Q) : Λ
2(Q)→ Den(Q) (135)
for the action of gauge group F(Q) on its Lie algebra from
〈
JF(Q) (∗dφ (q)) , φ (q)
〉
= −
∫
Q
φ (q) d ∗ dφ (q) (136)
which, for the Euclidean metric on Q, gives d ∗ dφ (q) = ∇2qφ (q) d
3q.
For the momentum map g∗ → dF(Q)∗ we first recall a property of the
vertical lift of one-forms. The vertical lift of an exact one-form dφ (q) = ∇qφ·dq
is given by ver (dφ) = ∇qφ · ∇p. For any function φ : Q → R, ver (dφ) is a
Hamiltonian vector field with respect to the canonical two-form ΩT∗Q for the
Hamiltonian function −φ. Conversely, any Hamiltonian vector field which is
also vertical can be identified with its Hamiltonian function on Q. Therefore,
we have the identification
F(Q)↔ver(dF(Q)) = Xham(T
∗Q) ∩ V T ∗Q. (137)
Obviously, the algebra of vertical Hamiltonian vector fields is commutative. So,
we have the commutative subalgebra
[ver(dF(Q)), ver(dF(Q))] = 0 (138)
in the algebra Xham(T
∗Q) of all Hamiltonian vector fields. If we regard dF(Q)
as a Poisson algebra with zero Poisson bracket, then the map ver : dF(Q) −→
Xham(T
∗Q) may be interpreted as a Lie algebra isomorphism-into. Hence, the
dual map
ver∗ : g∗ = X∗ham(T
∗Q)→ dF(Q)∗ = Λ2(Q) (139)
is a Poisson map into a trivial Lie-Poisson structure. More conveniently, we take
ver ◦d : F(Q)→ g and the dual map (ver ◦d)∗ : g∗ → Den(Q) is a momentum
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map given by
〈(ver ◦ d)∗ (Πid) , φ〉 = 〈Πid, ver (dφ)〉 = 〈Πid(z),∇qφ (q) · ∇p〉
=
∫
T∗Q
Πp (z) · ∇qφ (q) dµ (z)
=
∫
T∗Q
−φ (q)∇q ·Πp (z) dµ (z) . (140)
Combining this with the momentum map in Eq.(136) with ∗ being defined by
the Euclidean metric, we have
JP : ∗dF(Q)× g
∗ → Den(Q)
JP (∗dφ (q) ,Πid(z)) = (∇
2
qφ (q)−
∫
∇q ·Πp (z) d
3p)d3q (141)
whose zero value gives the Poisson equation
∇2qφ (q) =
∫
∇q ·Πp (z) d
3p. (142)
Proposition 34 The zero value of momentum map JP : ∗dF(Q) × g
∗ −→
Den(Q) for the action of gauge group F(Q) constrains the dynamics of the
momentum-Vlasov equations (8), (9) on g∗. Similarly, the zero value of ∗dF(Q)×
Den(T ∗Q) → Den(Q) constrains the dynamics of the Vlasov equation (2) on
Den(T ∗Q).
To obtain the usual Poisson equation as given by Eq.(1), we think of F(T ∗Q)
equipped with the Poisson bracket to be an algebra isomorphic to the Lie alge-
bra of Hamiltonian vector fields. Then, F(Q) is a commutative subalgebra of
(F(T ∗Q), { , }T∗Q) corresponding to the generators of action of F(Q). Thus, we
have the Lie algebra isomorphism from the additive algebra of functions F(Q)
into the Poisson bracket algebra on F(T ∗Q). Using dualization, the momentum
map Jden : Den(T
∗Q)→ Den(Q) is [39]
〈Jden (fdµ) , φ〉 = −
∫
T∗Q
f (z)φ (q) dµ (z) . (143)
Combining with JF(Q) in Eq.(136), we have
JP : ∗dF(Q)×Den(T
∗Q)→ Den(Q)
JP (∗dφ, efdµ) = −(∇
2
qφ (q) + e
∫
T∗Q
f (z) d3p)d3q (144)
whose zero value results in Eq.(1). To show that this is equivalent to the Poisson
equation (142) one can use the definition of the density in Eq.(10) and omit the
divergence terms [24].
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Remark 35 The Poisson part of the Poisson-Vlasov system involves as a kine-
matical constraint into the variation of the Hamiltonian functional [24]. The
dynamical Vlasov part arises as a non-canonical Hamiltonian system in Eule-
rian variables. The constraint imposed by the Poisson equation is essentially
obtained from the action of F(Q) on the cotangent bundle T ∗Q. In this case,
the zero level sets of momentum mappings are coisotropic [2]. In the language
of Dirac formalism, the constraint is first class and hence does not affect the
Poisson bracket on the reduced space. Thus, in obtaining equivalent dynamical
formulations in alternative Eulerian variables we must use the same constraint.
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7 Discussion and Conclusions
We outline the results of the present work and summarize them diagrammat-
ically. We comment on implications for other kinetic theories of the way we
obtain the Poisson equation. Finally, we conclude with a discussion on how the
ingredient of this paper may be used to study the orbital dynamics of plasma.
The configuration space is G = Diffcan(T
∗Q). The individual motion of
particles is generated by the Hamiltonian vector field Xh ∈ g. The space of
sections of the tangent space TT ∗Q of particle phase space admits the direct
sum decomposition gs (g∗)♯. TT ∗Q is symplectic with the Tulczyjew’s symplec-
tic two-form ΩTT∗Q. Since any Hamiltonian vector field defines a Lagrangian
submanifold of TT ∗Q, g is isomorphic to the space of all Lagrangian subman-
ifolds of (TT ∗Q,ΩTT∗Q). Complete cotangent lift X
c∗
h of Xh is canonically
Hamiltonian on T ∗T ∗Q with the Hamiltonian function iXhΠid. Its vertical rep-
resentative V Xc∗h gives momentum-Vlasov equation. Both the complete lifts
and their vertical representatives are Lie algebra isomorphisms into.
The configuration space can be described as the space of Lagrangian sub-
manifolds of sections of a trivial bundle
G = Diffcan(T
∗Q) ≃ LagΓ(pr0,Ω−)
and the corresponding representation of its Lie algebra is by the space of La-
grangian submanifolds of Tulczyjew symplectic space
g = (Xham(T
∗Q);−[, ]) ≃ Lag(TT ∗Q,ΩTT∗Q).
This Lie algebra of Hamiltonian vector fields is isomorphic to the algebra of
non-constant functions
(Xham(T
∗Q);−[, ]) ≃
(
F (T ∗Q) /constants, { , }T∗Q
)
with canonical Poisson bracket.
The generalized complete cotangent lift for symmetric contravariant tensor
fields gives
[X,Y]
c∗
SC = [X
c∗,Yc∗]JL , (145)
which is a Lie algebra isomorphism into X → Xc∗ : TQ → g with [ , ]SC being
the Schouten concomitant of tensor fields. The dual map gives kinetic moments
in momentum variables and is a Poisson map from the Lie-Poisson bracket on g∗
to the Kuperschmidt-Manin bracket on T∗Q. For the subalgebra X (Q)×F (Q)
in TQ this construction results in plasma-to-fluid map in momentum variables.
g admits a Lie algebra isomorphism into the Lie algebra of infinitesimal
quantomorphisms, or strict contact transformations
Xstcon (P) = {XH ∈ Xcon (P) : LXHσ = 0} ,
of the quantization bundle S1  (P , σ)
pr
−→ (T ∗Q,ΩT∗Q) over particle phase
space. This relates the kinetic theory of plasma particles to that of particles
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moving with contact diffeomorphisms. The Lie algebra of infinitesimal quan-
tomorphisms is included in the Lie algebra of contact vector fields on (P , σ)
which, in turn, is isomorphic to the algebra of functions on P with Lagrange
bracket
(Xcon (P) ,− [ , ]JL)←→ (F (P) , { , }c) .
Dualizing these relations one obtains the hierarchy of kinetic theories for con-
tact particles, quantomorphic particles which can be considered to be plasma
particles and, compressible fluid. As is well-known, the last relation with flu-
ids follows from the fact that the semi-direct product of diffeomorphisms and
functions on Q can be lifted to canonical diffeomorphisms on T ∗Q.
Formulation of Vlasov dynamics with the quantomorphism group includes
also particle phase space translations which is missing, at the infinitesimal level,
in present treatment. Infinitesimal quantomorphisms, as central extension of
the algebra of Hamiltonian vector fields, arises naturally in the dual pair con-
struction of [17] from the requirement that the action of Xham (T
∗Q) on certain
space of embeddings be equivariant. The problem caused by constant functions
on the Lie algebra side (no particle dynamics) also arises for the dual space of
densities. In this case, the quotient in the space of densities
(F (T ∗Q) /R)⊗ Λ6 (T ∗Q) ≃ X∗ham (T
∗Q)
is identified with homotheties of particle phase space.
Hamiltonian dynamics of particles has gauge symmetries F(Q). The algebra
of these symmetries can be realized as a subalgebra of g. It, thus, acts on TT ∗Q,
T ∗T ∗Q and F(T ∗Q) by Hamiltonian actions. Combined with the coadjoint
action on the dual space Λ2(Q), these actions give Poisson equations as zero
values of momentum maps into Den(Q). Accordingly, the relations between
particle motion and its symmetries with the Eulerian dynamical equations may
be summarized by the diagrams
F(Q) : gauge symmetry
ver(dF(Q)) : algebra
↓ isomorhism into
Xham(T
∗Q) ≈ F(T ∗Q)y dualize y
Λ2(Q)× g∗ Λ2(Q)×Den(T ∗Q)y zero-values of
momentum maps
y
Poisson
equation in Πid
y
ց divergence
y
Poisson
equation in f
Xh(z) ∈ Xham(T
∗Q)
particle motion
y cotangent
lift
Xc∗h (z,Πid) : canonical
motion on g∗y vertical
representative
V Xc∗h (Πid) :
Momentum− V lasov
equations on g∗ydivergence
V lasov
equation on Den(T ∗Q) .
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The Poisson equations (1) and (142) constrain the regions in the product spaces
Λ2(Q)×Den(T ∗Q) and Λ2(Q)×g∗ for consideration of the plasma dynamics in
the Eulerian variables (φf , f) and (φΠ,Πid), respectively. More generally, one
can consider canonical Hamiltonian motions of an ensemble of mutually inter-
acting identical particles. The potential energy acting on individual particles
will be a function of density of particles. Gauge symmetries of canonical Hamil-
tonian formulation will then have an action on particle density. Reduction of
Eulerian dynamics of density by gauge symmetries of individual particle mo-
tion will result in Poisson-like equation. The Vlasov equation is the collisionless
limit for one-particle density function of the more general BBGKY hierarchy
of equations governing the evolution of many-particle density functions [41]. It
will be interesting to see implications, if any, of constraints arising from gauge
symmetries of particle motions to this hierarchy.
The geometric treatment, on higher order tangent and cotangent bundles
over T ∗Q, of the momentum-Vlasov equations will act as a model for an appli-
cation of Tulczyjew construction for motions on coadjoint orbits. The coadjoint
orbit O∗Πid through Πid ∈ g
∗ admits a symplectic structure induced from the
Lie-Poisson structure. Let OXk denote the adjoint orbit in g through Xk ∈ g.
Being cotangent spaces, T ∗O∗Πid and T
∗OXk are canonically symplectic as well.
The situation is similar to the case of particle motion treated in section 2.3 once
we replace the dual spaces T ∗Q and TQ with O∗Πid and OXk , respectively. So,
we expect the tangent space TO∗Πid to the coadjoint orbit to admit Tulczyjew
symplectic structure. As g and g∗ are vector subspaces of TT ∗Q and T ∗T ∗Q,
respectively, Tulczyjew symplectic structure of TO∗Πid will be the one related to
TT ∗T ∗Q described in section 3.3. To make these ideas precise, we shall aim, in
our next publication [14], to construct the Tulczyjew triple
T ∗O∗Πid
←−−− TO∗Πid
−−−→ T ∗OXk
ց ւ ց ւ
O∗Πid OXk
(146)
for orbits of canonical diffeomorphisms.
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